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Chapter 7

Independent Cause and Mean-Independent
Outcome

In chapter 6 we have seen that the conditional expectation values E(Y|X=x)
and E(Y|X=x, Z=z) and their differences, the prima facie effects, can be biased,
where X denotes a cause and Z a covariate of X. We have defined unbiasedness
of these conditional expectation values with respect to total effects as well as un-
biasedness of the conditional expectations E(Y|X) and E(Y| X, Z) with respect to
total effects assuming that the cause X is discrete.

Unbiasedness of E(Y|X) and E(Y|X,Z) are a first kind of causality condi-
tions. If E(Y|X) is unbiased with respect to total effects and X is discrete, then
the differences E(Y | X=x) — E(Y | X=x') are identical to the average total ef-
fects E(0,,). Similarly, unbiasedness with (respect to total effects) of the con-
ditional expectation E(Y|X,Z) implies that the differences E(Y|X=x,Z=2) —
E(Y|X=x', Z=z) are equal to the (Z=2z)-conditional total effect E(0,,' | Z=z), pro-
vided that P(X=x, Z=z), P(X=x',Z=z) > 0. If M denotes an intermediate vari-
able of X and Y, then similar propositions also hold for unbiasedness of the con-
ditional expectations E(Y|X, M) and E(Y|X, M, Z) with respect to t-direct effects.

However, the unbiasedness conditions have two limitations. First, they cannot
be tested empirically, which implies that they cannot be used for covariate selec-
tion. Second, they can be accidental in the sense that unbiasedness may hold
for E(Y| X) but not for E(Y| X, Z), where Z denotes a covariate. Therefore, in this
chapter, we study two other kinds of causality conditions that are less volatile.
These conditions will be referred to as the independent cause conditions and the
mean-independent outcome conditions respectively.

Overview

We start with the concepts of independence and conditional independence, and
use them to introduce the independent cause conditions. Next we define the
mean-independent outcome conditions and study the implications of both kinds
of conditions on unbiasedness. Then we illustrate these causality conditions by
some examples. Finally, we discuss their methodological implications. In partic-
ular, we discuss the role of randomization and conditional randomization as well
as covariate selection in the analysis of total and direct effects.
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7.1 Independent Cause Conditions

7.1.1 Independence and Conditional Independence

A general definition (including the case in which X is continuous) and many
important properties of conditional independence are presented in section PR-
16.1.1, which also includes conditional independence of sets of events and of
more than two random variables. A number of useful properties of conditional
independence are summarized in PR-Box 16.2. (See Dawid, 1979, for an overview
of applications of conditional independence in statistics.)

The following corollary is a special case of Theorem PR-16.26 (see Rem. PR-
16.27)

Corollary7.1 (Independence and Conditional Independence: Discrete X)
Let X and V be random variables on the probability space (Q, <, P), let X be
discrete with a finite number of values x =0, 1,..., ] and let P(X=x) > 0 for all
x=0,1,...,J.

(i) Then X and V are independent (abbr.: X Jﬁl‘ V) if and only if

P(X=x|V) = P(X=x) forallx=0,1,...,]. (7.1)

(ii) If Z is a random variable on (Q, </, P) too, then X and V are Z -condi-
tionally independent (abbr.: X 1Viz) if and only if

P(X=x|2,V) 5 P(X=x|Z2) forallx=0,1,...,]. (7.2)

7.1.2 Independent Cause Conditions for Total Effects

Now let ((Q, 4, P), (%, t€T),X,Y) be a causality space, let Cx denote a global
covariate of X, and consider

P(X=x|Cx) 5 P(X=x), forallx=0,1,...,7, (7.3)

which is abbreviated by X J}.)L Cx. Next, let Z be a Cx-measurable random variable
on (Q, 7, P) and consider

P(X=x|Cx) 5 P(X=x|2), forallx=0,1,...,]J, (7.4)

abbreviated by X lPL Cx|Z. These two conditions will be referred to as the inde-
pendent cause conditions for total effects. Note that Equation (7.3) is a special case
of (7.4) for Z being a constant mapping, i. e., for Z(w) = const, for all w € Q.

If Z is measurable with respect to Cy, i.e., if 6(Z) c 0(Cy), then a(Z,Cx) =
0(Cyx) and, therefore, P(X=x|Z,Cx) = P(X=x|Cx) (see sections PR-2.3.2 and PR-
10.1).
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Remark 7.2 (Propensity) If Z is Cx-measurable, then the conditional probabil-
ity

7y = P(X=x|2) (7.5)

is also called the Z-conditional propensity of x. The propensity plays an impor-
tant role in adjustment techniques, because Equations (7.4) and (7.5) imply

P(X=x|Cyx) = P(X=x|my) forallx=0,1,...,J (7.6)

(see Exercise 7-1). Hence, X JﬁL Cx|Z implies 1x_, JI.)L Cyx | my, which means that 7y
can be used in adjustment techniques instead of the original covariate Z, pro-
vided that X is dichotomous (for details, see ch. 11). <

7.1.3 Independent Cause Conditions for Direct Effects

Now we turn to direct effects with respect to time t. We consider a Cx ;-measurable
random variable Z on (Q, <, P)

P(X=x|Cx;) = P(X=x|Z) forallx=0,1,...,]. 7.7)

This condition is abbreviated by X Jl.jLCX, +1Z and called the independent cause
condition for t-direct effects.

7.1.4 Falsifiability of the Independent Cause Conditions

The independent cause conditions are empirically falsifiable. More specifically, if
W is measurable with respect to Cx, then X AL Cx implies

P(X=x|W) = P(X=x) forallx=0,1,...,/J. (7.8)
Hence, in order to test X Il Cx, we simply have to select a Cx-measurable random
variable Wand see if Equation (7.8) holds.
Similarly, if Wis measurable with respect to Cx, then X AL Cx |Z implies

P(X=x|Z,W) 5 P(X=x|Z) forallx=0,1,...,/. (7.9)

Hence, in order to test X JA_ Cx |Z, we can select a Cx-measurable random vari-
able W and see if Equation (7.9) holds.
Finally, if W is measurable with respect to Cx , then X A1 Cx.:|Z implies

P(X=x|Z,W) = P(X=x|Z) forall x=0,1,..., /. (7.10)
This shows: In order to test X 1 Cx |Z, we can choose a Cx ;-measurable ran-

dom variable Wand see if Equation (7.10) holds. Note that all these tests can only
falsify but not verify these independent cause conditions.
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Example 7.3 (First Examples) A first example of independence of the cause X
and a global covariate Cx has already been presented in Table 6.2 (p. 129). Fur-
thermore, Table 6.3 (p. 130) displays an example for Z-conditional independence
of X and Cx. Inboth examples U takes the role of a global covariate Cy. In section
7.4 we treat several examples in more detail. <

7.2 Mean-Independent Outcome Conditions

Before we study the implications of the independent cause conditions on unbi-
asedness (see section 7.3), we introduce a second kind of causality conditions,
which we will call the mean-independent outcome conditions.

7.2.1 Conditional Mean Independence

Instead of conditional independence, we now use the concept of conditional
mean independence. If X, Y, and Z are random variables on a probability space
(Q, 4, P) such that Y is nonnegative or with finite expectation E(Y), then

E(Y[X,Z) 5 E(Y|X) (7.11)

defines X -conditional mean independence of Y from Z. (For more details see sec-
tion PR-10.6.)

7.2.2 Mean-Independent Outcome Conditions for Total Effects

Hence, if ((Q, <, P), (%;,t €T),X,Y ) is a causality space and Y is numerical non-
negative or with finite expectation, then

E(Y|X,Cx) 5 E(Y|X) (7.12)

defines X-conditional mean independence of Y from Cx, which will be abbrevi-
ated by Y - Cx | X. Furthermore, if Z is measurable with respect to Cx, then

E(YIX,Cx) 5 E(Y|X,Z2) (7.13)

defines (X, Z)-conditional mean independence of Y from Cyx, abbreviated by
YFCx|X, Z.
If x € Q% and P(X=x) = 0, then Equation (7.12) implies

EXYICo = ETH(Y) (7.14)

X=

[see PR-(14.82)], and (7.13) implies

EX(YICo = BF(Y12) (7.15)

X=

[see PR-(14.81)].
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The two conditions Y - Cx|X and Y  Cx | X, Z will also be referred to as the
mean-independent outcome conditions for total effects. Assuming that Z is mea-
surable with respect to Cx implies 0(X, Z, Cx) = (X, Cx), which in turn implies

E(Y|X,Z,Cx) 5 E(Y|X,Cx) (7.16)
[see Eq. (10.1)].

Remark 7.4 (Mean-Independent Outcome Conditions Again) Referring to the fil-
tration (%, t € T), note that Equation (7.12) is equivalent to

E(Y|7y) 5 E(Y]X) (7.17)

(see Rem. 3.23). According to this equation, there are no random variables other
than X that are prior or simultaneous to X and determine the conditional expec-
tation of Y, once we condition on X. Intuitively speaking, X is the only cause of
Y, atleast with respect to all potential causes that are prior or simultaneous to X.
Hence, this condition does not exclude other causes of Y that are in between X
and Y, that is posterior to X and prior to Y unless T is such that thereisno t € T
such that ty < t < ty.
Similarly, Equation (7.13) is equivalent to

E(Y|%#,) 5 E(Y|X,Z), (7.18)

because 0(X, Cx) = %, [see Def. 4.1 (b)], provided of course that Z is Cx-measurable,
that is, provided that Z is a covariate of X. According to Equation (7.18), there are

no random variables other than X and Z that are prior or simultaneous to X and
determine the conditional expectation of Y, once we condition on X and Z. In-
tuitively speaking, conditioning on Z, the random variable X is the only cause of

Y, atleast with respect to all potential causes that are prior or simultaneous to X.

<

7.2.3 Mean-Independent Outcome Conditions for Direct Effects

Now we specify the mean-independent outcome conditions for direct effects. If Z
is measurable with respect to Cx ;, then

EYIX,Cx) 5 EY1X,2) (7.19)

defines Z-conditional mean independence of Y from Cx,. It is abbreviated by
Y  Cx,1X,Z. This condition will be also be referred to as the mean-independent
outcome condition for t-direct effects. If X is discrete with values x =0,1,...,J and
P(X=x)=0forall x=0,1,...,J, then Equation (7.13) implies

E**(Y|Cx,) = E**(Y|2) (7.20)

Again, note that measurability of Z with respect to Cyx,, implies

E(Y|X,Z,Cx,) 5 E(Y|X,Cx,). (7.21)
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Example 7.5 (Implications if U is Measurable With Respect to Cx) Assume that
X represents a treatment variable and Cyx is a global covariate such that the
observational-unit variable U is measurable with respect to Cx. Then Y  Cx | X
implies that there are no individual differences between units with respect to
their expectation of the outcome variable Y within each treatment condition x,
ie.,

E(Y|X=x,U=u) = E(Y|X=x) for all values x of X and all units u,
provided that P(X=x, U=u) > 0. This equation may more conveniently be written
E(YIX,U) 5 E(Y|X).

Note that using this equation, we do not have to presume P(X=x,U=u) > 0.

Similarly, Y F Cx | X, Z implies that no covariate affects the expectations of Y
over and above X and the covariate Z. And again, if X represents a treatment
variable, this implies that there are no individual differences between units with
respect to their conditional expectation values of the outcome variable ¥ within
treatment conditions given Z, i.e.,

E(YIX,Z,U) 5 E(Y|X,2).
If P(X=x,Z=2z,U=u) >0, this equation implies
E(Y|X=x,Z=2z,U=u) = E(Y|X=x,Z=2).

Table 7.1 (p. 175) displays an example. <

7.2.4 Falsifiability of the Mean-Independent Outcome Conditions

The mean-independent outcome conditions imply some propositions that lend
themselves for falsification. Let ((Q, < P), (%;,t€T),X,Y) be a causality space
and let Y be numerical and nonnegative or with finite expectation. Then the fol-
lowing propositions hold:

(i) If Wis measurable with respect to Cx, then Y - Cx | X implies
E(YIX,W) 5 E(Y|X). (7.22)
(ii) If Z and W are measurable with respect to Cx, then Y  Cx | X, Z implies
EYI|X,Z,W) = E(Y|X,Z). (7.23)
(iii) If Z and Ware measurable with respect to Cy ;, then Y F Cy ;| X,Z implies

E(YIX,Z,W) = E(Y|X,Z). (7.24)
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Propositions (i) and (ii) immediately follow from measurability of W with respect
to Cx, and Proposition (iii) follows from measurability of Wwith respect to Cx ;.
Hence, just as the independent cause conditions, the mean-independent out-
come conditions can easily be tested empirically, again only in the sense of falsi-
fiability. For example, in order to test Y  Cx | X, we simply have to select a vari-
able W that is measurable with respect to Cx and see if Equation (7.22) holds.
If it does not, then the hypothesis Y F Cx | X is falsified. Similarly, if we want to
test Y I Cx | X, Z, we may select a variable W that is measurable with respect to
Cx and see if Equation (7.23) holds. If it does not, then we can conclude that
Y F Cx | X, Z is not satisfied. Finally, if we want to test Y + Cx ;| X,Z, we may se-
lect a variable Wthat is measurable with respect to Cy , and see if Equation (7.24)
holds. If it does not, then we can conclude that Y + Cx ;| X,W is not satisfied.

7.3 Implications on Unbiasedness

Now we present the most important implications of the causality conditions in-
troduced above on unbiasedness of various conditional expectations and prima
facie effect functions. The theorems and corollaries presented in this section
summarize the most important points with respect to unbiasedness of the condi-
tional expectations E(Y|X) and E(Y|X, Z). After treating some examples in sec-
tion 7.4, we will discuss the methodological implications of our first two causality
conditions in section 7.5.

7.3.1 Unbiasedness With Respect to Total Effects: No Covariates

In this section we study the implications of our first two causality conditions on
unbiasedness with respect to total effects. Let us start without considering covari-
ates.

Conditional Expectations

In our first theorem we consider a single value x of X with P(X=x) > 0 and
the conditional expectation value E(Y | X=x). Reading the following theorem, re-
member that 7, denotes the conditional expectation E X=X(y|Cy) (see Def. 4.12).

Theorem 7.6 (Unbiasedness of Conditional Expectation Values)

Let ((Q, <, P), (%, t€T),X,Y) be a causality space, let Y be numerical and
nonnegative or with finite expectation, and let x € Qx be a value of X with
P(X=x)>0.

@) ThenXJI.)LCX implies P(X=x|Cx) >0 and

E(Y|X=x) = E(1y). (7.25)
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(ii) P(X=x|Cx) >0 and Y &+ Cx|X imply Equation (7.25).
(Proofp. 181)

Remark 7.7 (Randomized Experiment) Remember that Equation (7.25) defines
1.-unbiasedness of E(Y|X=x). The first sufficient condition for unbiasedness,
the independent cause condition X 1L Cx, can be created by randomized assign-
ment of the unit to one of the treatment conditions. In this case, X and Cx are
independent. In contrast, there is no design technique implying that Y + Cx | X
holds. <

Remark 7.8 (Less Restrictive Conditions Implying Unbiasedness) If P(X=x) >
0, then 1y, JI.)LCX implies E(Y|X=x) = E(t,). Similarly, if P(X=x|Cx) > 0, then
Y F Cx |1x=, implies E(Y|X=x) = E(t,). This immediately follows from Theorem
7.6 for X := 1x_,. <

Prima Facie Effects

The following corollary is another immediate implication of Theorem 7.6. In this
corollary we specify two conditions under which the prima facie effect

PFE,, := E(Y|X=X) —E(YIX:x/)

is 0,,/-unbiased. Reading this corollary, remember that 6,/ := 7, — 1,/ denotes
the atomic total-effect variable (see Def. 4.12) and that E(6,,) = E(ty) — E(1y/).

Corollary 7.9 (Unbiasedness of Prima Facie Effects)
Let ((Q, <4, P), (%, t€T),X,Y) be a causality space, let Y be numerical and
nonnegative or with finite expectation, and let x, x' € Q% be two values of X.

(i) IfP(X=x)>0, P(X=x)>0, andXJ}.)LCX, then

P(X=x|Cx) 30 and P(X=x'|Cx)>0 (7.26)

and
PFE,. = E(6y). (7.27)

(ii) If (7.26) holds and Y - Cx | X, then Equation (7.27) holds as well.

Conditional Expectation

Theorem 7.6 also implies the following corollary concerning the conditional ex-
pectation

J
E(Y|X) := ) E(Y|X=x)1x-y. (7.28)

x=0
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Corollary 7.10 (Unbiasedness of the Conditional Expectation)

Let ((Q, <4, P), (%, t€T),X,Y) be a causality space, let Y be numerical and
nonnegative or with finite expectation, and let X be discrete with values x =
0,1,...,/J.

(i) IfP(X=x)>0forallx=0,1,...,J and XJﬁLCX, then

P(X=x|Cx) >0 forallx=0,1,...,] (7.29)

and
E(Y|X=x) = E(ty) forallx=0,1,...,]. (7.30)

(ii) If (7.29) holds and Y - Cx | X, then Equation (7.30) holds as well.

Hence, if X is discrete with values x = 0,1,...,/, then X AL Cx implies 7,-
unbiasedness of the conditional expectation E(Y|X) [see Eq. (7.28)], provided
that X is discrete with nonzero probabilities for all its values. Similarly, Y - Cyx | X
implies 7,-unbiasedness of the conditional expectation E(Y| X), provided that X
is discrete and P(X=x|Cyx) > 0 holds for all its values x. Remember that E(Y| X)
denotes the conditional expectation of Y given X, that is, the best fitting function
of X, and not Qy;,(Y|X), the best fitting linear function of X (see Def. PR-7.2).

7.3.2 Conditioning on a Covariate

Now we extend Theorem 7.6 and its corollaries to the case in which we condition
on a covariate Z. Let us start considering the implications of the independent
cause condition and mean-independent outcome condition on the conditional
expectation EX=*(Y|Z) and the conditional expectation values E(Y|X=x, Z=z).
Remember, the term EX=*(Y | Z) denotes the Z-conditional expectation of Y with
respect to the (X=x)-conditional-probability measure P*=*, Hence, if X repre-
sents a treatment variable, then EX=*(Y| Z) is the Z-conditional expectation of Y
in treatment x. Also remember that 7, -unbiasedness of EX=*(Y| Z) is defined by

EX¥X(Y12) 5 E(1:12), (7.31)
whereas
E(Y|X=x,Z=2) = E(14|Z=2). (7.32)
defines 1,-unbiasedness of E(Y|X=x,Z=z).

Theorem 7.11 (Unbiasedness of the Conditional Expectation E*~*(Y|2))
Let ((Q, <, P), (F,t€T),X,Y) be a causality space, let Y be numerical
and nonnegative or with finite expectation, let x € Q% be a value of X with
P(X=x|Cyx) >0, and let Z be measurable w.r.t. Cx.
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(i) Then each ofXJﬁLCXIZ and Y + Cx|X, Z implies that EX=*(Y|2) is
T.-unbiased.

(ii) If x, z are two values of X and Z such that P(X=x,Z=z) > 0, then
eachof X lPLCX |Z andY - Cx|X, Z implies that E(Y | X=x,Z=2) iST,-
unbiased.

(Proofp. 183)

Hence, presuming P(X=x|Cyx) > 0, the Z-conditional expectation EX=X(Y|2)
of Y is unbiased with respect to total effects if X JﬁL Cx|lZor YFCxI|X, Z.

Remark 7.12 (Common Support) In Theorem 7.11 we required P(X=x|Cx) > 0.
If Z is Cx-measurable, then this implies P(X=x|2) > 0, which in turn implies
P(X=x|Z=z) > 0 for all values z of Z that have a positive probability P(Z=z) > 0.
The condition P(X=x|Z2) > 0 may also be called the common support condition
(cf., e.g., Lechner, 2000). Note that common support refers to conditional proba-
bilities and not to relative frequencies. At the level of a concrete sample, we may
use the term data sparseness if the relative frequencies estimating the conditional
probabilities P(X=x|Z=z) are zero. <

Remark 7.13 (Conditional Randomization) The first condition implying unbi-
asedness of the EX=*(Y | Z) with respect to total effects, X J}.l_ Cx|Z, can be cre-
ated in an experiment either by (a) randomized assignment of units to treat-
ment conditions (represented by X) or (b) randomized assignment of units to
treatment conditions conditional on the values z of a covariate Z. However, it
may also hold if the covariate Z is properly selected. In contrast, the condition
Y I Cx|X, Z cannot be created by a design technique. Instead we can only try to
find a (possibly multivariate) covariate Z such that Y + Cx|X, Z holds. In other
words, Y I Cx|X, Z can only be used for covariate selection (see section 7.5 for
more details). <

Prima-Facie-Effect Functions

Remember, the prima facie effect function is defined by PFE, /., := EX=*(Y|2)
- FE X:"/(YIZ ). Hence, unbiasedness of the conditional expectations EX=*(Y|Z)
and EX=*(Y| Z) has implications on unbiasedness of the prima-facie-effect func-
tion PFE,, ., and on the (Z=z)-conditional prima facie effect PFE, . ,_,.

Corollary 7.14 (Unbiasedness of Conditional Prima Facie Effects)

Let ((Q, <4, P), (%, t€T),X,Y) be a causality space, let Y be numerical and
nonnegative or with finite expectation, let x, x' € Q% be two values of X with
P(X=x|Cx) > 0and P(X=x"|Cyx) > 0, let Z be measurable w.r.t. Cx, and let
5xxr =Ty — Tyt
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(i) Each of the two conditions X JﬁL Cx|Z and Y - Cx | X, Z implies

PFE,,., = EX"*(Y|2)-EX~*(Y|Z) = By 1Z).

(i) If P(X=x,Z=z), P(X=x,Z=z) > 0, then each of the two conditions
XJ}.!.CXIZ and Y + Cx|X, Z implies

PFE,.,_, = E(Y|X=x,Z=2) - E(Y|X=X]Z=2) = E(0sx |Z=2).
(Proof p. 184)

According to this corollary, the prima-facie-effect function PFE,,., is un-
biased with respect to total effects if (a) P(X=x|Cx) > 0 and P(X=x"|2) > 0
and (b) the independent cause condition X 1l Cx|Z or the mean-independent
outcome condition Y F Cx|X, Z, hold. Correspondingly, the prima facie effect
PFE,,. 5-, is unbiased with respect to the (Z=z)-conditional total effect of x
vs. x', provided that P(X=x, Z=z) > 0 and P(X=x,Z=2z) > 0 and at least one of
these two causality conditions holds.

Now let us turn to the implications of our first two causality conditions on the
conditional expectation E(Y|X, Z).

Corollary 7.15 (Unbiasedness of the Conditional Expectation E(Y| X, Z))

Let ((Q, <4, P), (%, t€T),X,Y) be a causality space, let Y be numerical and
nonnegative or with finite expectation, let X be discrete with a finite number
of values x=0,1,...,]J, let Z be measurable w.r.t. Cx, and let P(X=x|Cx) >0

for all values x = 0,1,...,] of X. Then each of the two conditions X JA_CX |Z
and Y + Cx|X, Z implies that E(Y|X, Z) is T.-unbiased.
(Proof p. 184)

7.3.3 Unbiasedness With Respect to Direct Effects

Now we study the implications of the independent cause and mean-independent
outcome conditions on unbiasedness with respect to t-direct effects. Remember
that 7, . -unbiasedness of E X=x(Y| Z) is defined by

EX(Y1Z) = E(14:12), (7.33)

whereas
E(Y|X=x,Z=2) = E(1y,:|Z=2). (7.34)

defines 7, ,-unbiasedness of E(Y|X=x, Z=z).
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Theorem 7.16 (Unbiasedness of the Conditional Expectation EX=*(Y|Z))
Let ((Q, <, P), (%, t€T),X,Y) be a causality space, let Y be numerical and
nonnegative or with finite expectation, let t €T with tx < t < ty, let Z be
measurable w.r.t. Cx,;, and let x € Q% be a value of X with P(X=x|Cx,) > 0.

(i) Then each of X JﬁLCX,t |Z and Y \- Cx | X,Z implies

EX*(Y12) 5 E(1:,:12). (7.35)

(ii) If x and z are values of X and Z with P(X=x,Z=z) > 0, then each of
XJ}_)I_CXJIZ and Y + Cx .| X,Z implies

EX¥Y|Z=2) = E(ty,;1Z=2). (7.36)
(Proof p. 184)

Remark 7.17 Equation (7.35) means that E X=x(y|2) is T,,.-unbiased. Because
P(X=x)>0,
EX¥(Y|Z=2) = E(Y|X=x,Z=2) (7.37)

(see Remark PR-14.37). Therefore Equation (7.36) is equivalent to
E(Y|X=x,Z=2) = E(ty|1Z=2). (7.38)

<

Now we consider the implications of the two causality conditions on the prima
facie effect function PFE,,/, , and the prima facie effect PFE, . ,_,.

Corollary 7.18 (Unbiasedness of Conditional Prima Facie Effects)
Let the assumptions of Theorem 7.16 be true, let x,x’ € Q% be two values of X
with P(X=x|Cx,) > 0 and P(X=x"|Cx,) >0, and let 8,1, 1= Ty 1 — Tl

XX,

(i) Then each of the conditions X Jg_ Cx(|Z and Y - Cx,,|X,Z implies

PFE,,., = EX*(Y|2) - EX**(Y| 2) = E(0yy1:1Z).
(ii) If P(X=x,Z=z), P(X=x',Z=2z) > 0, then each of the two conditions
XJ}.I)_CX’IIZ and Y + Cx .| X,Z implies
PFE,.,, = E(Y|X=x,Z=2) - E(Y|X=x}Z=2)
= E(,,1:1Z=2).

(Proof p. 185)

Hence, if the conditions specified in this corollary are met, then the prima facie
effect function PFE,,, ; and the prima facie effect PFE, . ,_, are d,, ,-unbiased.
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Now we turn to the implications of the two causality conditions on the condi-
tional expectation E(Y| X, Z), where Z is assumed to be measurable with respect
to Cx,;. The following corollary immediately follows from Theorem 7.16.

Corollary 7.19 (Unbiasedness of the Conditional Expectation E(Y|X,W))

Let ((Q, &, P), (%, t€T),X,Y) be a causality space, let Y be numerical and
nonnegative or with finite expectation, let t €T with tx < t < ty, let Z
be measurable w.r.t. Cx,, let X be discrete with a finite number of values
x=0,1,...,J, and assume that P(X=x|Cx ) >0 forall x=0,1,...,]. Then

each ofXJ}.)LCX,t |Z and Y - Cx .| X,Z implies

E*=X(Y|2) = E(1x:1Z) forallx=0,1,...,]. (7.39)

Equation (7.39) means that E(Y| X, Z) is 7,,,-unbiased [see Def. 6.34 (ii)].

7.4 Examples

Now we illustrate the two causality conditions treated in this chapter by some
examples.

7.4.1 Examples for the Independent Cause Conditions

In chapter 4 we introduced a first example with independence of X and a global
covariate Cx (see Table 4.2, p. 82). A second example has already been presented
in chapter 6 (see Table 6.2, p. 129), and in the same chapter (see Table 6.3, p. 130),
there is also an example with Z-conditional independence of X and Cy. In all
these examples, the global covariate is identical to the observational-unit variable
U,i.e., Cx = U, implying

E(Y|X,Cx) 5 E(Y|X,U) (7.40)

and
P(X=1|Cyx)

for the individual treatment probability function P(X=1|U), whose values are the
individual treatment probabilities P(X=1|U=u). If the values u of U represent the
observational units at the onset of treatment, Cx = U will hold in empirical appli-
cations if (a) no fallible covariate is assessed and (b) there is no other variable that
is simultaneous with respect to (%, t € T) to the treatment variable X (such as a
second treatment variable).

P(X=1|U) (7.41)

Example 7.20 (Independent Treatment) Table 6.2 (p. 129) displays an example
inwhich X 1l Cx holds, where Cx = U. Asis easily seen in this table, the individual
treatment probabilities are the same for all units, namely
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3
P(X=1|U) = P(X=1) = 2

X 1L U implies that X and all random variables that are measurable with respect
to U are independent.

In the same example, X 1L Cx |Z holds as well, where Z := sex, because the
Z=z-conditional treatment probabilities also do not depend on the units, i. e.,

P(X=1|U,Z) = P(X=1|Z) = P(X=1) = Z

X J}.)L U | Z implies that X and all random variables that are measurable with re-
spect to U are also Z-conditionally independent. This is no coincidence but an
implication of the fact that X 21U and measurability of Z with respect to U im-

plies X 1L U | Z, which in turn implies Z-conditional independence of X and all
random variables that are measurable with respect to U [see PR-Box 16.3 (vi)].

If we assume Cy = U, then, according to Corollary 7.10, independence of X and
U implies unbiasedness of the treatment-conditional expectation E(Y|X) with
respect to average total effects. Furthermore, because in this example P(X=0) >
0 and P(X=1) > 0, independence of X and U also implies 7,-unbiasedness of
the conditional expectation values E(Y|X=0) and E(Y|X=1) and as well as §,-
unbiasedness of the prima facie effect

PFE,, := E(Y|X=1)-E(Y|X=0) = 102.333-92.333 = 10

(see Th. 7.6 and Cor. 7.9). In other words, PFE;y = E(019).

As already stated above, X J,sL U | Z holds as well, where Z := sex. Because
Cx =U and Z is U-measurable, Theorem 7.11 implies that the conditional ex-
pectation E(Y|X,Z) is unbiased with respect to total effects. Furthermore, be-
cause P(X=0,Z=z), P(X=1,Z=z) > 0 for both values z of Z, this implies -
unbiasedness of all conditional expectation values E(Y|X=x, Z=z), and this in
turn implies that the prima facie effects

PFE1g,7-m = E(Y|X=1,Z=m)-E(Y|X=0,Z=m) = 92.50-83.00 =~ 9.50
and
PFEyy,7-y = E(Y|X=1,Z=f)-E(Y|X=0,Z=f) = 122-111 = 11

(see Theorem 7.11 and Corollary 7.14) are 6;p-unbiased.
Also note that

4 2
PFE\y = E(PFEy;z) = 9.50~6+11-E = 10.

This means that the prima facie effect is the expectation of the corresponding
conditional prima facie effects. This property, which will be called expectation
stability, is no coincidence. Instead it follows from X JA_ Cx (see PR-Th. 15.14 and
Rem. 15.17). <
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Example 7.21 (Conditionally Independent Cause) In Table 6.3 (see p. 130) we
already treated an example in which X Jg_ Cx | Z holds, whereas X J}.)L Cx does not.
Again, Cx =U. Asis easily seen in this table, the individual treatment probabilities
are the same for all units within each of the two subsets of males and females, i. e.

3
P(X=1|U=u,Z=m) = P(X=1|Z=m) = 1 for each male unit «
and
1
P(X=1|U=u,Z=f) = P(X=1|Z=f) = 1 for each female unit u.

Hence, the individual treatment probabilities are 3/4 for males and 1/4 for fe-
males. These individual treatment probabilities differ for different values of the
covariate, but they are invariant given a value of the covariate Z. Note that the
conditional treatment probability P(X=1|Z=m) = 3/4 is also the individual treat-
ment probability P(X=1|U=u) for the male units u; to us, and the conditional
treatment probability P(X=1|Z=f) = 1/4 is also the individual treatment proba-
bility P(X=1|U=u) for the female units u5 and ug. This follows from

P(X=1|U) = E[P(X=1|U,Z2)|U] [PR-Box 10.2 (v)]
= E[P(X=1]2)|U] [P(X=1|U,Z)=P(X=1|2)]
= P(X=1|2). [PR-Box 10.2 (vii)]

In Table 6.3 (p. 130) there is only conditional independence of units and treat-

ments given Z, i.e., X J}.l_ U | Z. Therefore, in this table, the unconditional prima
facie effect

PFEy = E(Y|X=1)-E(Y|X=0) = 96.715—-99.800 =~ —3.085

is biased, because the average total effect in this example is E(6,) = 10 (see Ex-
ercise 7-2). However, the (Z=z)-conditional prima facie effects are unbiased. In
fact, they are the same as in Table 6.2 (see p. 129 and Example 7.20). Hence, we can
use the conditional prima facie effects to compute the average total effect. Re-
member, if the conditional prima facie effects are unbiased, i. e., if they are equal
to the conditional total effects, then the expectation of the conditional prima fa-
cie effects is equal to the average total effect. In our example, this expectation
is:

E(610) = E(PFE,;z)

4 2
PFEIO;Z:m . g + PFEIO;Z:f . g

4 2
9.50- = +11-- = 10.00.
6 6
<

Example 7.22 (Joe and Ann With Randomized Assignment — continued) In Ta-
ble 4.5 we presented an example with an intermediate variable M and in Exam-
ple 4.24 we showed how to compute the ¢-direct true-outcome variables 7, and



174 7 Independent Cause and Mean-Independent Outcome

71, as well as their difference 0,0, the atomic ¢-direct-effect variable. Now we
illustrate how to compute various total and direct causal effects, including the
average t-direct effect and some conditional ¢-direct effects using the results of
section 7.3.

First of all, the average total treatment effect is

E(610) =.10-.50+.00-.50 = .05.

Because we assume Cx = U and in this example X JﬁL U, according to Theorem
7.6, this effect can also be computed by

E(610) = PFEyp = E(Y|X=1)-E(Y|X=0) = .50—.45 = .05.

Next, we compute the U-conditional total-effect function E(6,,|U) for the co-
variate U. The values of the conditional expectation E(0¢ | U) are the individ-
ual total treatment effects E(619| U=Joe) = .10 and E(6,o | U=Ann) = .00. Because
X JﬁL Cx |U, according to Corollary 7.14, these effects can also be computed by

PFEy,y = E¥Y(Y|U) - E*=°(Y|U),

the values of which are PFEy; y=jo. = EX1(Y|U=Joe) — EX=°(Y|U=Joe) = .10 for
Joe and PFEyy; y=ann = EX"H(Y|U=Ann) — E¥=°(Y|U=Ann) = .00 for Ann.

Next, we consider the atomic #),-direct-effect function 81,,,, whose values are
010,1,,(w) =.058 if w € {M=0, U=Joe} and 61,;,,(w) = .091 if w € {M=1, U=Joe}, and
010,1,,(w) =.003 if w € {M=0,U=Ann} and 0,,,,(w) = —.023 if w € {M=1,U=Ann}
(see Table 4.5). Because XJISLCX,,M IM,U and 61¢,z,, = E(010,1,,| M, U), Corollary
7.18 implies that these effects can also be computed by

PFE\;mu = EXN(YIM,U) - E*X°(YIM, U),

whose values are EX"1(Y|M=0,U=Joe) - EX°(Y|M=0,U=Joe) = .667 —.609 =
.058 and EXY(Y|M=1,U=Joe) — EX=°(Y|M=1,U=Joe) = .818 —.727 = .091 for
Joe, as well as EX"1(Y|M=0,U=Ann) - EX%(Y|M=0,U=Ann,) = .179 — .176 =
.003 and, finally, E*!(Y|M=1,U=Ann) - E*=°(Y|M=1,U=Ann,) = .227 - .250 =
—.023 for Ann.

Last but not least, the average #,,-direct treatment effect is

E(510,tM) = E(PFElo;M,U)

.058-(.027 +.042 +.008 +.016) + .091-(.063 +.168 +.032 +.144) +
.003-(.168 +.036 +.092 +.020) — .023-(.072 +.024 +.068 +.020)
.039147.

Note that this effect can not be computed from the conditional expectation
E(Y|X, M) even though this is a randomized experiment such that X J}.l_ Cx holds.
In this example, the observational-unit variable U is the only covariate for which
the prima facie effect function E**'(Y| M, U) - E*~°(Y| M, U) is unbiased, and,
in this example, 6,,;,, = EX*1(YIM,U) - EX=°(Y| M, U). <
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Table 7.1. Mean-Independent Outcome Condition

Q v =

g £ . = v

2 s o g & 1l =

[5] = > c o >< = B
E 5 2% 2 Sx | €L & =
= ¢ 5% 8§ £Z| 39 & &
g8 s 350 5 = S 2 59 S =
= a3 5 o35 S 5 ='s 2z I I
2 ED E 2T R A S5 2 =
5 S O & 5 == =) = ¥ A
u 1/6 male 90 95 6/8 5 2/19 6/19
1753 1/6 male 90 95 718 5 1/19 7/19
uz 1/6 male 90 95 6/8 5 2/19 6/19
Uy 1/6 male 90 95 7/8 5 1/19 7/19
us 1/6 female 100 110 1/8 10 7/19 1/19
Ug 1/6 female 100 110 2/8 10 6/19 2/19

E(70) E(r1) P(X=1) E(b10)

93.333 100.000 29/48 6.667

E(Y|X=0) EY|X=1) PFE;

96.842 96.552 -0.290

male female

Conditional causal effects 5.000  10.000
Conditional PFEs 5.000 10.000

7.4.2 Examples for the Mean-Independent Outcome Conditions

Now we illustrate the mean-independent outcome condition by a numerical ex-
ample.

Example 7.23 Table 7.1 (p. 175) shows an example in which the mean-independent
outcome condition Y  Cx | X, Z with respect to total effects holds. In this exam-
ple, Cx=U, which implies

E(YIX,Cx) 5 E(Y|X,U).

Hence, in this example, the true outcomes are the individual conditional expec-
tation values E(Y | X=x,U=u). As is easily seen in the table, the true outcomes
under control and the atomic total effects of treatment 1 vs. 0 are the same for
all individuals within males and within females. For all males, the true outcomes
under control are
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E(Y|X=0,Z=m,U=u;) = E(Y|X=0,Z=m) =90, i=1,...,4,
and for all females they are
E(Y|X=0,Z=f,U=u;) = E(Y|X=0,Z=f) = 100, i=5,6.
Under treatment, the true outcomes for all males are
E(Y|X=1,Z=m,U=u;) = E(Y|X=1,Z=m) =95, i=1,...,4,
and for all females they are
E(Y|X=1,Z=f,U=u;) = E(Y|X=1,Z=f) = 110, i=5,6.

Obviously, in both treatment groups, the expectations of the outcomes only de-
pend on Z,i.e., EX=X(Y|U, Z) = EX**(Y|U) = EX~*(Y| Z). Hence, we conclude
that in this example

EY|X,Cx) 5 EY|X,U) 5 E(Y|X,Z).

Because Cx =U, this is the mean-independent outcome condition Y + Cx | X, Z.

According to Theorem 7.11, Y - Cx | X, Z implies that E(Y|X, Z) is unbiased
with respect to total effects, provided that P(X=1|Z) > 0. Because, P(X=x,Z=2) >
0 for all values of X and Z, according to Corollary 7.14, this in turn implies that
the conditional prima facie effects

PFE\.7-m = E(Y|X=1,Z=m)-E(Y|X=0,Z=m) = 95-90 = 5
and
PFE\;7z-y = E(Y|X=1,Z=f)-E(Y|X=0,Z=f) = 110—100 = 10

are unbiased as well, i. e., PFE\g; z-n = E(819| Z=m) and PFEq; z-y = E(619| Z=f).
In other words, the (Z=z)-conditional prima facie effects are equal to the (Z=z)-
conditional total effects.

Another conclusion is that the average of the conditional total effects is equal
to the average total effect (see Remark 6.7), i. e.,

E(610) = E(PFE,.7)

PFE\; 7= -4/6+ PFE\g; 71 - 2/6
=5-4/6+10-2/6 = 6.667.

Finally, note that if Y I Cx | X, Z holds, the individual treatment probabilities
P(X=1|U=u) that played a crucial role in our examples for independence and
Z-conditional independence of X and Cx do not matter any more in the follow-
ing sense: Even though, in this example, the individual treatment probabilities
P(X=1|U=u) are different within the male and within the female subpopula-
tions, the Z-conditional prima facie effects are unbiased. Just as the indepen-
dent cause conditions, the mean-independent outcome conditions are sufficient
for unbiasedness. <
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7.5 Methodological Implications

Now we discuss the implications of the independent cause and the mean-independent
outcome conditions for the design of experiments and quasi-experiments. The-
orem 7.6 — specifically its proposition about the independent cause condition
X 1l Cx — is the theoretical foundation of the design technique of randomiza-
tion and of the analysis of total treatment effects in experiments by compar-
ing (unadjusted) means between treatment conditions. Theorem 7.11 may also
be used in randomized experiments when it comes to analyzing Z-conditional
and average total treatment effects, and Theorem 7.16 can be used in random-
ized experiments as well as in (nonrandomized) quasi-experiments whenever we
wish to analyze total, direct, and indirect treatment effects. In the analysis of di-
rect and indirect effects, the independent cause condition X L CxilZ and the
mean-independent outcome condition Y F Cx,|X,Z may be used for covariate
selection. Finally, the causality conditions X JﬁL Cx|Z and Y F Cx | X, Z can also
be used for covariate selection in quasi-experiments aiming only at the analysis
of total effects.

Remark 7.24 (Randomization) Itiswell-known at least since (Fisher, 1925/1946)
that randomization plays a crucial role in ruling out biases in comparisons of
means. In a randomized experiment, there is always an observational-unit vari-
able U whose values u denote the observational units. If the filtration (%;, t € T)
is appropriately specified, then U will be prior to X. Therefore, the definition of a
global covariate Cx [see Def. 22 (b)] guarantees that U is measurable with respect
to Cx. Hence, if X represents the treatment variable and Cx a global covariate,
then X J}.)L Cx, and this if P(X=x) > 0, then this implies

P(X=x|Cx) = P(X=x|U) = P(X=x).

According to this equation, each unit u has the same probability P(X=x|U=u) =
P(X=x) to be assigned to treatment x.

Remember that we are talking about a single-unit trial. A simple example of
such a single-unit trial consists of sampling a single unit from a set of units, as-
sessing a number of covariates, assigning the unit (or observing its assignment)
to one of the treatment conditions and observing the outcome variable (see ch. 2
for more details and other kinds of single-unit trials).

Note that P(X=x|U) = P(X=x) does not imply that the probabilities P(X=x)
are the same for all treatment conditions x. If, e. g., there are two treatment condi-
tions, say 0 and 1, then P(X=1) might be 1/4 and P(X=0) = 3/4. However, X Jﬁ" Cx
implies P(X=1|U) = P(X=1), provided, of course, that we consider a random ex-
periment in which U is Cx-measurable. In other words, X JﬁL Cx implies that the
individual treatment probabilities P(X=1|U=u) are identical between units, and
they are equal to the unconditional treatment probability P(X=1) = 1/4. Hence,
in a perfect randomized experiment we ensure X AL Cx, and this condition im-
plies that the prima facie effect E(Y|X=x) — E(Y|X=x") is identical to the aver-
age total effect E(d,,) (see Cor. 7.9).
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<

Remark 7.25 (Conditional Randomization) What has just been said about ran-
domization also applies to to conditional randomization based on a covariate Z.
Within the single-unit trial of an experiment or quasi-experiment, in which a unit
uis sampled and a value z of the covariate Z is assessed prior to treatment, condi-
tional randomizationrefers to randomized assignment of the unit u to treatment
condition x with probability P(X=x|Z=z), where x =0,1,..., J. In this procedure
we have to make sure that treatment assignment only depends on the values of Z,
but not on any other attribute of the units or any other covariate. In more formal
terms, we create P(X=x|Cx) = P(X=x|2).

We distinguish two cases. First, if Z is measured without measurement error,
each value z of Z will represent subset of observational units (see, e. g., Rubin,
1984). Table 6.3 (p. 130) contains an example with independence of units and
treatments within each of the two subsets of males and females.

Second, if the covariate Z is measured with error, i. e., Z= f(U) +¢, then a value
z of Z does not represent a subset of units, because z is not only determined by u
but also by other factors and/or chance. Nevertheless, treatment can be assigned
such that the treatment probability depends on the observed score z, not on the
attribute f(U) of the unit itself. In both cases, Z=f(U) and Z=f(U) + ¢, condi-
tional random assignment of a unit u to one of the treatment conditions given Z
secures that a global covariate Cy satisfies X J}.!_ Cx|Z, i.e., Z-conditionally inde-
pendence of X and Cy.

Conditional random assignment allows that units with different values z, and
zp of Z have different probabilities to be assigned to treatment x. Thus it is pos-
sible to assign a unit for which we observe a covariate value z; (e.g., high need)
to treatment x with a higher probability than a unit with covariate value z, (e.g.,
low need). In this way we may respect ethical and/or other requirements without
compromising the validity of causal inference in such an experiment. Remember,
unconditional random assignment means that each unit has the same probabil-
ity of being assigned to a given treatment, regardless of his or her need (and any
other attribute of the unit).

For simplicity, suppose there are just two treatment conditions, X= 0 (control)
and X=1 (treatment). Conditional randomization consists of:

(a) fixing the conditional treatment probabilities P(X=1|Z) as a function of the
covariate Z,

(b) sampling a unit u and assessing the value z of the covariate, and

(c) randomized assignment of the unit with probability P(X=1|Z=z) to the
treatment.

If, e. g., the covariate has three values, say high, medium, and low need, we may
toss a dice and assign a unit with high need to treatment if the dice shows less
than six dots, and assign it to control otherwise. A unit with medium need might
be assigned to treatment if the dice shows less than four dots, and to control oth-
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erwise. Finally, a unit with low need might be assigned to treatment if the dice
shows one dot, and to control otherwise.

If the covariate Z is discrete, then the conditional treatment probabilities
P(X=1|Z=z) may be fixed in a table by assigning a treatment probability to each
value z that seems appropriate with respect to ethical and other requirements. In
the example above, these were the values 5/6 for high need, 3/6 for medium need
and 1/6 for low need. If the covariate is univariate continuous, we may also use a
function, such as
exp(lo+1,-2)

P(X=1|2) =
( 12) 1+exp(Ao+A,-2)

with coefficients Ay and 1, that seem appropriate for the experiment considered.

If P(Z=2z) > 0, then conditional randomization implies that the (Z=z)-conditional
prima facie effects PFE, . ,_, := E(Y|X=x,Z=z) — E(Y|X=x' Z=z) are the con-
ditional total effects given a value z of the covariate Z. Hence, studying condi-
tional prima facie effects in a perfect conditionally randomized experiment is
tantamount to studying conditional total effects. As has been shown in chapter 5
[see, e.g., Eq. (5.4)], once we know the conditional total effects given the values z
of a covariate Z, we can also compute the average total effect.

<

Remark 7.26 (Mean-Independent Outcome Condition) Using Y - Cx | X,Z in-
stead of X AL Cx,¢1Z in covariate selection might be easier. In many cases, a pre-
test Z; of the outcome variable Y and a pre-test Z, of the intermediate vari-
able M may already suffice to satisfy the mean-independent outcome condition
Y+ Cx,1X,Z with Z := (M, Z,, Z,). As has been shown in the example presented
in section 1.3.2, such a pre-test of an intermediate variable is of utmost impor-
tance, whenever this pre-test Z, and the intermediate variable M are correlated,
Z, and the pre-test Z; of the outcome are correlated, Z; and outcome Y correlate,
and the treatment variable X affects the intermediate variable M. Note that these
conditions are usually satisfied whenever there are systematic and relatively sta-
ble inter-individual differences in the outcome variable and in the intermediate
variable, and X affects the intermediate variable M. A typical example is Y :=
achievement and M := achievement motivation in an educational experiment. <

Remark 7.27 (Covariate Selection in Randomized Experiments) Selecting the
t-covariates in the vector Z := (Z3,..., Z,;) for which we can hope that X J}.!_ Cx:1Z
or Y+ Cx,|X,Z hold, are useful design techniques in the analysis of direct treat-
ment effects. Even if there is independence of X and Cx — e.g., created by ran-
domization — ignoring covariates and just analyzing E(Y| X, M) will usually not
yield the average and conditional direct treatment effects (see Example 7.22 and
the example in section 1.3.2). <

Remark 7.28 (Covariate Selection in Quasi-Experiments) Covariate selection is
also the first step in a number of techniques for the analysis of conditional and
average total effects in quasi-experiments, in which the experimenter cannot fix
the true treatment probabilities himself. The steps to follow distinguish different
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techniques of analysis (see ch. 10). By definition, there is no randomization in
a quasi-experiment. However, even under initial randomization, systematic at-
trition of subjects may invalidate the independent cause condition X 1L Cx (see,
e.g., Abraham & Russell, 2004; Fichman & Cummings, 2003; Graham & Donald-
son, 1993; Shadish, Cook, & Campbell, 2002). In this case, we will say that ran-
domization failed and the initially randomized experiment turned into a quasi-
experiment.

In quasi-experiments, selecting the covariates in the covariate vector Z :=
(Zy,...,Zy) for which we can hope that XJA_CXIZ or YFCx|X,Z holds, is a
useful strategy in the analysis of conditional and average total treatment effects.
Again, compared to the independent cause condition X LCxlz, it might be
easier to find covariates such that the mean-independent outcome condition
Y+ Cx|X,Z holds. If, e.g., X is a treatment variable, in many cases a pre-test
of the outcome variable Y will already suffice. In contrast, there might be many
covariates determining the treatment probabilities. For instance, the severity of
the disorder, knowing about the treatment, and availability of the treatment are
candidates for such covariates. Often only Z := pre-test severity of the disorder
may be important as a covariate to satisfy the mean-independent outcome con-
dition Y  Cx | X, Z if the outcome variable Y is post-test severity of the disorder.
However, there is no guarantee that the pre-test is sufficient as a covariate for the
mean-independent outcome condition to hold. Whether or not it holds depends
on the application considered. <

Remark 7.29 (Falsifiability) As already mentioned before, in contrast to some of
the other causality conditions treated in the subsequent chapters, both the in-
dependent cause and the mean-independent outcome conditions can be tested
in empirical applications, at least in the sense that some consequences of these
assumptions can be checked. Falsifiability is important, because otherwise we
would not have any criterion for covariate selection, i.e., for deciding whether
or not a specific covariate should be included in the vector Z := (Z,,..., Z;;) of
covariates with respect to which we hope that either the independent cause con-
dition or the corresponding mean-independent outcome condition holds.

Let us summarize how we can falsify the independent cause conditions. If
X iPL Cy, then

P(X=x|W) = P(X=x) (7.42)
holds for each W that is measurable with respect to Cx. Examples for such
variables W are sex, educational status, but also a fallible pre-test. Similarly,
X iPLCX | Z implies:

P(X=x|Z,W) = P(X=x|Z2), (7.43)
for each W that is measurable with respect to Cx. Furthermore, X Jﬁ" Cx|Z im-
plies:

P(X=x|Z,W) = P(X=x|2), (7.44)
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for each W that is measurable with respect to Cy ,. All these equations are eas-
ily tested using standard procedures for conditional probabilities such as logistic
(see, e. g., Agresti, 2007; Bonney, 1987; Green, 2003; Hosmer & Lemeshow, 2000)
or probit regression (see, e.g., McCullagh & Nelder, 1989; Borooah, 2001; Liao,
1994).

Similarly, if W is measurable with respect to Cy, it is easy to test the mean-
independent outcome conditions. For example, in regression analysis, it is well-
known how to test

EY|X,W) = E(Y|X), (7.45)
which follows from Y + Cx | X. The same applies to
E(Y|IX,Z,W) = E(Y|X,Z), (7.46)
which follows from Y  Cx | X, Z and to
E(Y|X,Z,W) = E(Y|X,Z), (7.47)

following from Y + Cx ,|X,W, where Z and W are measurable with respect to
Cx,:. For such tests we can use the well-known techniques of regression analysis
(see, e.g., Aiken & West, 1996; Allen, 1997; Cohen, Cohen, West, & Aiken, 2003;
Draper & Smith, 1998; Gelman & Hill, 2007; Gyorfi, Kohler, Krzyzak, & Walk, 2002;
von Eye & Schuster, 1998; West & Aiken, 2005). <

Remark 7.30 (Covariate Selection for Identifying Total and Direct Effects) Note
that Y + Cx|X, Z does not imply X JﬁL Cx|Z and vice versa, X JI.)LCX | Z does not
imply Y I Cx|X, Z. Furthermore, Y - Cx ;| X,Z does not imply Y I Cx | X, Z and
X JI.)LCX, +1Z does not imply X JﬁL Cx|Z. Hence, covariate selection for the iden-
tification of total effects is a different process than selecting covariates for the
identification of direct effects. <

Outlook

In the next chapters we will treat further sufficient conditions for unbiasedness
that can replace the independent cause or the mean-independent outcome con-
ditions and that will be the foundations of additional design techniques and
methods of data analysis for the analysis of causal effects. In chapter 10, we will
then show how to identify the various total, direct, and indirect effects from con-
ditional expectations that can be estimated from samples of treatment, covari-
ates, intermediate variables, and outcome variables, provided that one of the
causality conditions holds.

7.6 Proofs

Proof of Theorem 7.6

@] XJI.)L Cx = E(Y|X=x) = E(1y):
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Box 7.1 Glossary of New Concepts

We assume that ((Q,«, P), (%, t€T),X,Y) is a causality space, that Y is numerical
and nonnegative or with finite expectation, and that Z denotes a covariate of X.

Conditions Implying Unbiasedness With Respect to Total Effects

XJ}.)LCX

XJ}.)LCXIZ

YHCxl|X

YFCxI|X,Z

Independence of X and Cx. This condition can be created by ran-
domized assignment of units to treatments x. If P(X=x) > 0, then
it implies P(X=x|Cx) > 0 and 7,-unbiasedness of E(Y | X=x).

Conditional independence of X and Cx given Z. This condi-
tion can be created by conditional randomized assignment of
units to treatment conditions based on the values z of Z. If
P(X=x|Cx) > 0, then it implies that EX=X(Y|Z) is Ty-unbiased.
Furthermore, we can try to select the (possibly multivariate) covari-
ate Z = (/3,...,Zy) such that XiPL Cx | Z is satisfied. IfXJI.)L Cx|Z,

then 1x—y ipL Cx | my holds for the Z-conditional propensity 7y :=
P(X=x|Z), afact that is used in adjustment techniques based on
propensity scores.

Mean-independence of Y from Cx given X. This condition is de-
fined by E(Y | X, Cx) = E(Y|X). It may or may not hold depend-

ing on the empirical phenomenon considered. If P(X=x|Cx) > 0,
then Y - Cx | X implies that E(Y | X=x) is 7-unbiased.

Mean-independence of Y from Cx given X and Z. It is defined by
E(Y|X,Cx)  E(Y|X, Z). We can try to select the (possibly multi-
variate) variable Z = (Z,,...,Z,,) such that Y + Cx|X, Z holds. If
P(X=x|Cx) > 0, then Y  Cx | X, Z implies that EX=X(Y|2) is y-
unbiased.

Conditions Implying Unbiasedness With Respect to Direct Effects

Now we assume ¢ € T with tx < t < ty and that Z is a t-covariate of X.

XL CxlZ

YECx: X, Z

Conditional independence of X and Cx,; given Z. If t > tx, then
this condition can not be created by any design technique. How-
ever, we may try to select the (possibly multivariate) ¢-covariate

Z = (Z,...,Zy) of X such that XiPL Cx,¢|Z is satisfied. In this

case, 1x—y ipL Cx,¢|mx holds for my = P(X=x|Z), a fact that is
used in adjustment techniques based on propensity scores. If
P(X=x|Cx,) > 0, thenXJI.l_ Cx,:|Z implies that EX=*(Y| 2) is Ty, (-
unbiased.

Mean-independence of Y from Cx,; given X and Z. It is defined by
E(Y|X,Cx,) = E(Y|X,Z). We can try to select a (possibly multi-
variate) covariate Z = (Zj,...,Zy) such that Y  Cx ;| X, Z holds.
If P(X=x|Cx,;) > 0, then Y - Cx ;| X, Z implies that EX=X(Y|2) is
Ty, -unbiased.
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E(Y|X=x) = EX*(Y) [PR-(9.11)]
= EX[E*¥N(YICx) ] [PR-Box 10.2 (iv)]
= E[E*=*(YICy)] [X 1L Cx, PR-(16.40)]
= E(1y). [(4.8)]

YFCx|X = E(Y|X=x) = E(ty): Note that P(X=x|Cyx) > 0 implies that EX=X(Y|Cx)
is P-unique [see Cor. PR-14.48 (a) and (c)]. Furthermore, according to (7.15), EX=X(Y|2)is
aversion of EX=*(Y|Cx). Therefore, P-uniquenessof E X=x(y|Cx) implies that EX=X(Y|2)
is P-unique as well. If Y is nonnegative, then there is a version EX=*(Y|Cx) that is nonneg-
ative [see PR-(10.17)], and if E(Y) < oo, then E[EX=*(Y|Cx)] < oo. Therefore, and because
EX=X(Y|Z) is Z-measurable, we can apply PR-Box 10.2 (vii). Hence,

E(Y|X=x) = EX*(v) [PR-(9.11)]
= E[E*=%(v)] [PR-Box 6.1 (i)]
= E[E*¥=*(v|Cx)] [(7.14), P-uniqueness of EX=*(Y|Cx)]
= E(ty). [(4.8)]

(i) If P(X=x,Z=z) >0, then P(X=x) >0 and P(Z=z) > 0. Furthermore, according to
Remark PR-14.37, P(X=x, Z=z) > 0 implies that EX=*(Y | Z=z) isidentical to E(Y | X=x, Z=2z).
Therefore, Equation (7.32) follows from (7.31). This proves (ii).

Proof of Theorem 7.11

First of all note that P(X=x|Cx) > 0 implies P(X=x) > 0, because

E[P(X=x|Cx)] = E[E(1x=x |Cx)] [PR-(10.4)]
= E(lx=y) [PR-Box 10.2 (iv)]
= P(X=x). [PR-(6.5)]

Applying Theorem 3.52 (ii) then yields the proposition.
M X1 CxlZ= EX"X(Y|2) = E(1x] 2):

E¥N(Y|2) = EX[EX(YICK) |Z] [PR-Box 10.2 (V)]
pX=x
_ X=x
= E[E*=*(YICx) | Z] [X 1L Cx|Z, PR-(16.39)]
= E(x12) [(4.8)]
pX=x
= E(14]2). [P(X=x|Cx) 3 0, Cor. PR-14.48 (a), (c)]

Y+ Cx|X,Z=EX=*(Y|Z) = E(t¢|2): Note that P(X=x| Cx) > Oimplies that EX=X(Y|Cx)
is P-unique [see Cor. PR-14.48 (a) and (c)]. Furthermore, according to (7.15), EX=X(Y|2)is
aversion of EX=*(Y|Cyx). Therefore, P-uniqueness of EX=X(Y|Cx) implies that EX=X(y|Z2)
is P-unique as well. If Y is nonnegative, then there is a version E X=x(y|Cy) thatis nonneg-
ative [see PR-(10.17)], and if E(Y) < oo, then E[EX=*(Y|Cx)] < oo. Therefore, and because
EX=X(Y|Z) is Z-measurable, we can apply PR-Box 10.2 (vii). Hence,



184 7 Independent Cause and Mean-Independent Outcome

EX=X(Y|2) = E[EX**(Y|2)|Z] [PR-Box 10.2 (vii)]
= E[EX=*(Y|Cx) | Z] [(7.15), P-uniqueness of EX=*(Y|Cx)]
= E(1]2). [(4.8)]

(i) If P(X=x,Z=z) >0, then P(X=x) >0 and P(Z=z) > 0. Furthermore, according to
Remark PR-14.37, P(X=x, Z=z) > 0 implies that EX=%(Y|Z=z)isidentical to E(Y|X=x, Z=z).
Therefore, Equation (7.32) follows from (7.31). This proves (ii).

Proof of Corollary 7.14

(i) This proposition immediately follows from Theorem 7.11, because

PFE,1,, = EX"*(Y|2)-EX=*(Y|2)
= E(1|2) - E(1,112) [Th. 7.11 ()]
= B, 12).

(i) If P(X=x,Z=z) >0and P(X=x',Z=z) > 0, then proposition (ii) of Theorem 7.11
implies EX=%(Y| Z=z) = E(1;| Z=2) and EX=*(Y| Z=z) = E(1,/| Z=z). Hence,

EX=%(Y|Z=2) - EX=*(Y|Z=2) = E(1:|1Z=2) - E(1,1|Z=2) = E@,,1|Z=2).

Proof of Corollary 7.15

Corollary 7.15 immediately follows from Theorem 7.11. Also note that Corollary 7.10 is a
special case of Corollary 7.15 for Z being a constant.

Proof of Theorem 7.16

First of all note that P(X=x|Cx,;) > 0 implies P(X=x) > 0. This can be shown as follows:

E[P(X=x|Cx,)] = E[E(1x=x|Cx,)] ((10.4)]
= E(lx=x) [PR-Box 10.2 (iv)]
= P(X=x). [PR-(6.5)]

Applying Theorem 3.52 (ii) then yields the proposition.
0 X1 CxilZ = EX=X(Y|2) = E(1x,12):

Y Y12) = BB ICk) | 7] [PR-Box 10.2 (v)]
pix E[EX(Y|Cx,0) | Z] [X 1L Cx,1Z, PR-(16.39)]
phox E(ty,12) [(5.14)]

> E(ty,:12). [P(X=x|Cx,) 3 0, Cor. PR-14.48 (a), (c)]
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YHCx:1X,Z => EX=X(y|2) = E(ty,:1Z): Note that P(X=x|Cx,;) > 0 implies that
EX=x(y| Cx,;) is P-unique [see Cor. PR-14.48 (a) and (c)]. Furthermore, according to (7.20),
EX=X(Y|Z) is a version of EX:x(YICX’t). Therefore, P-uniquenessof EX:"(YICXJ) im-
plies that EX=*(Y|Z) is P-unique as well. If Y is nonnegative, then there is a version
EX=*(Y|Cx,,) that is nonnegative [see PR-(10.17)], and if E(Y) < oo, then E[EX=*(Y|Cx,;)] <
oco. Therefore, and because EX=*(Y|Z) is Z-measurable, we can apply PR-Box 10.2 (vii).
Hence,

EX=*(v|2) = E[E*=*(Y|12)|Z] [PR-Box 10.2 (vii)]
= E[EXZX(chx’t) |Z] ((7.15), P-uniqueness of EX=*(Y|Cx ;)]
= Bty 12). [(5.14)]

(i) If P(X=x,Z=z) >0, then P(X=x) > 0 and P(Z=z) > 0. Furthermore, according to
Remark PR-14.37, P(X=x, Z=z) > 0 implies that EX=*(Y | Z=z) isidentical to E(Y | X=x, Z=z).
Therefore, Equation (7.34) follows from (7.33). This proves (ii).

Proof of Corollary 7.18

The proofis analogous to the proof of Corollary 7.14.
(i) This proposition immediately follows from Theorem 7.16, because
PFE,., = EX*(Y|2)-EX~*(Y|2)
= E(1y,12) - E(1,1,12) [Th. 7.16 (i)]
= E(6,,1,12).

|

(i) If P(X=x,Z=z) >0 and P(X=x',Z=z) > 0, then proposition (ii) of Theorem 7.16
)
implies E*=*(Y|Z=2) = E(1x,;| Z=2) and EX=*(Y|Z=2) = E(1,1,| Z=2). Hence,

EX=X(Y|Z=2) - EX=%(Y|Z=2) = E(1y,|Z=2) - =z) = =
= =z) = vt Z=2) E(Tx;tlZ—z)—E(6xx/’t|Z—z).

7.7 Exercises

> Exercise 7-1 Proof that Equation (7.4) and Cx-measurability of Z imply Equation (7.6).

> Exercise 7-2 Compute the conditional expectation values E(Y|X=0) and E(tp) in the
example presented in Table 6.3 (p. 130) and compare these numbers to each other.

> Exercise 7-3 Assume that X is discrete with a finite number of values x =0, 1,...,J, and
that P(X=x|Cx,;) >0 for all x =0,1,...,J. Which unbiasedness condition follows from

X Ji)L Cx and which one from XJPL Cxl|Z?
> Exercise 7-4 Assume that X is discrete with a finite number of values x =0, 1,...,J, and

that P(X=x[Cx,;) 3 0 for all x =0,1,...,J. Which unbiasedness condition follows from
Y + Cx | X and whichonefrom Y - Cx | X, Z ?
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> Exercise 7-5 Describe randomized assignment of a unit to one of two treatment condi-
tions!

> Exercise 7-6 Describe conditional randomized assignment of a unit to one of two treat-
ment conditions given a covariate!

> Exercise 7-7 Show that E[P(X=x|U)] = P(X=x).

> Exercise 7-8 Show that X JI.)L U implies X JI.)L U | Z, provided that Z is measurable with
respect to U. Assume that X is discrete with a finite number of values x = 0,1,...,J and
that P(X=x) > 0 for all values x of X.

> Exercise 7-9 Show that X JI.)L Cx implies:

P(X=x|W) = P(X=x) foreachx=0,1,...,J,

for each random variable W that is measurable with respect to Cx. Assume that X is dis-
crete with a finite number of values x = 0,1,...,J and that P(X=x) > 0 for all values x of
X.

> Exercise 7-10 Show that Y + Cx | X, Z implies E(Y | X, Z, W) = E(Y|X,Z) if both Z and
W are measurable with respect to the global covariate Cx.

Solutions

> Solution 7-1 Forx=0,1,...,/,

P(X=x|mx) = E(lx=xI|7mx) [PR-(10.4)]
= E[P(X=x|Cx) |my] [PR-Box 10.2 (v)]
7 ElP(X=x|Z)|mx] ((7.4)]
= E(my |my) [(7.5)]
= Ty [PR-Box 10.2 (vii)]
= P(X=x|Z) [(7.5)].

Inserting P(X=x |ny) for P(X=x|Z) in Equation (7.4) completes the proof.

> Solution 7-2 The conditional expectation value E(Y|X=0) can be computed via

E(Y|X=x) = Y E(Y|X=x,U=u)-P(U=ulX=x)
u

[see Rule (iv) in PR-Box 9.2]. In this example, this equation yields

E(Y|X=0) = ) E(Y|X=0,U=u)-P(U=u|X=0)
u

1 3
= (68+78+88+98)- — +(106+116)- — = 99.8.
10 10

In contrast, the expectation E(7y) can be computed via



7.7 Exercises 187

E(70)

Y E(Y|X=x,U=u)-P(U=u)
u

1
= (68+78+88+98+106+116)- i 92.3333.

Comparing E(Y|X=0) =99.8 to E(ty) = 92.3333 shows that E(Y|X=0) is strongly biased.

> Solution 7-3 The independent cause condition X JPL Cx implies that E(Y|X) is unbi-

ased with respect to total effects, whereas X Jg_ Cx | Z implies that E(Y|X, Z) is unbiased
with respect to total effects.

> Solution 7-4 The mean-independent outcome condition Y + Cx | X implies that E(Y'| X)
is unbiased with respect to total effects, whereas Y F Cx | X, Z implies that E(Y| X, Z) isun-
biased with respect to total effects.

> Solution 7-5 In arandom experiment, in which a unit u is sampled and assigned to one
of two treatment conditions, we may assign the unit by coin toss, for instance. This makes
sure that P(X=1|Cx) = P(X=1), i.e., that the treatment probabilities do not depend on
any covariate. If the global covariate Cx is constructed such that U is measurable with
respect to Cx, then P(X=1|Cx) = P(X=1) implies that each unit has the same probability
P(X=1|U=u) = P(X=1) to be in treatment 1, and this implies that each unit has the same
probability P(X=0) to be assigned to treatment 0 as well.

> Solution 7-6 In arandom experiment, in which a unit u is sampled and a value z of the
covariate Z is assessed before the unit is assigned to one of the treatment conditions, con-
ditional random assignment of a unit to one of the two treatment conditions refers to as-
signing the unit u to treatment condition 1 with probability PZ=%(X=1|Cyx) 5 PZ=2(X=1).
Among other things, this makes sure that all units with the same value z of the covariate
Z have the same probability to be assigned to treatment 1. This assignment procedure al-
lows for different treatment probabilities for units for which we observe different values z
of the covariate Z.

> Solution 7-7 By definition of the expectation,

E[P(X=x|U)] = Y P(X=x|U=u)-P(U=u).
u

Because, according to the theorem of total probability

P(X=x) = Y P(X=x|U=u)-P(U=u)
u

(see Th. PR-4.25), this shows that E[P(X=x|U)] = P(X=x). Note that E[P(X=x|U)] =
P(X=x) is also a special case of Rule (iv) in PR-Box 10.2, if we use P(X=x|U) := E(1x=«|U),
where 1y, denotes the indicator variable indicating with values 1 and 0 whether or not X
takes on the value x.

> Solution 7-8 If P(X=x) > 0 for all values x of X, then the condition U JﬁL X is equivalent
to: P(X=x|U) = P(X=x),foreach x=0,1,...,J.If Z is measurable with respect to U, then
this equation implies

P(X=x|U,Z) = P(X=x|U) = P(X=x).

Using this equation as well as P(X=x|Z) := E(1x=x1Z) and E(1x=,) = P(X=x):
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E(lx-x12) = E[E(x=|U,2)| Z] [PR-Box 10.2, (V)]
= E[E(lx=x|U) | Z| [Zis measurable w.r.t. U]
= E[E(1x=x)| Z] (U 1L X, PR-Box 10.2, (vi)]
= E(1x=x) [PR-Box 10.2, ()]
= P(X=x),

foreachx=0,1,...,J. Hence, P(X=x|U, Z) = P(X=x|Z),foreachx=0,1,...,J. This equa-

tion is equivalent to U JI.)L X|Z if X is discrete with a finite number of values x =0, 1,..., J.

> Solution 7-9 Note that P(X=x) = E(1x=,) and P(X=x|W) := E(1x=, |W). Hence,

E(lx=x|W) = E[E(lx=x|Cx)|W]  [PR-Box10.2, (v)]
= E[P(X=x|Cx)| W] [(10.3)]
7 ElP(X=x)|W] (XL Cx]
= P(X=x) [PR-Box 10.2, (i)]
= E(1x=x),

for each x = 0,1,...,J. Because P(X=x) = E(1x=,) and P(X=x|W) := E(1x=, | W), this
proves the proposition.

> Solution 7-10

E(Y|X,Z,W) = E[E(Y|X,Cx)|X,Z,W]  [PR-Box10.2, ()]

E[E(YIX,2)| X, Z,W] [V + Cx|X, Z]

~ll

|l

E(Y|X, Z2) [Box PR-10.2, (vii)].
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