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Continuous Random Variable and its Density

Definition 1. Let X : Ω→R be a real-valued random variable on (Ω,A,P ), and FX its

distribution function. Then X is called continuous, if there is a Riemann-integrable function

f X :R→R , such that

FX (x) :=
∫x

−∞
f X (t ) d t , x ∈R .

A function f X satisfying this equation is called a density of X .

According to this definition, the area under the density f (x) — this is what is computed by the

Riemann integral — is the probability that X takes on a value less than or equal to x.

A well-known density of a random variable X is the density of a normal distribution, which is

defined by

f X (x) :=
1

p
2πσ2

·exp

(

−(x −µ)2

2σ2

)

,

where µ and σ
2 are real numbers, the expectation of X and its variance, respectively.
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Density and Distribution Function of the Normal Distribution
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Densities of Three Normal Distributions
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R-Programs for the Normal Distribution

Description

■ Density, distribution function, quantile function and random generation for the normal distribution with

mean equal to mean and standard deviation equal to sd.

Usage

■ dnorm(x, mean=0, sd=1, log = FALSE) Density

■ pnorm(q, mean=0, sd=1, lower.tail = TRUE, log.p = FALSE) Distribution function

■ qnorm(p, mean=0, sd=1, lower.tail = TRUE, log.p = FALSE) Quantile function

■ rnorm(n, mean=0, sd=1) Data sample of size n of a normally distributed sample

Arguments

■ x, q vector of quantiles.

■ p vector of probabilities.

■ n number of observations. If length(n) > 1, the length is taken to be the number required.

■ mean vector of means.

■ sd vector of standard deviations.

■ log, log.p logical; if TRUE, probabilities p are given as log(p).

■ lower.tail logical; if TRUE (default), probabilities are P (X ≤ x), otherwise, P (X > x).
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Table of the Standard Normal Distribution

From: Hays, W. L. (1994). Statistics. Fort Worth, TX: Harcourt Brace.
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Table of the Standard Normal Distribution continued 1

From: Hays, W. L. (1994). Statistics. Fort Worth, TX: Harcourt Brace.
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Table of the Standard Normal Distribution continued 1

From: Hays, W. L. (1994). Statistics. Fort Worth, TX: Harcourt Brace.
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Density of the Central χ2-Distribution

In the following definition, Γ :R→R denotes the gamma function defined by

Γ(a) :=
∫∞

0
t a−1e −t d t , ∀a ∈R , a > 0. (1)

Note that,

Γ(a) = (a −1) ·Γ(a −1), for a > 1. (2)

Furthermore,

Γ(a) = (a −1)! for a ∈N, and Γ

(

1

2

)

=
p
π. (3)

Definition 2 (Central χ2-Distribution).

Let n ∈N. A continuous nonnegative random variable X : (Ω,A,P) → (R ,B) has a central

χ
2-distribution with n degrees of freedom, abbreviated X ∼χ

2
n , if X has a density satisfying

f X (x) =











x n/2−1 ·e −x/2

2n/2 ·Γ ( n/2)
, if x ≥ 0,

0, if x < 0,

∀x ∈R . (4)

If X ∼ χ
2
n , then E (X )= n and Var (X ) = 2n.
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χ
2-Distributions With 1, 5, 10, 20 and 30 Degrees of Freedom
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Normal Distribution and χ
2-Distribution

Normal and χ
2-distributions are related to each other as follows:

If X1, . . . , Xn are i. i.d. random variables with standard normal distribution, then

X =
n
∑

i =1

X 2
i (5)

has a central χ2-distribution with n degrees of freedom.

www.metheval.uni-jena.de 11 / 21
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R-Program for the χ
2-Distribution

Description

■ Density, distribution function, quantile function and random generation for the χ
2 distribution with df

degrees of freedom and optional non-centrality parameter ncp.

Usage

■ dchisq(x, df, ncp=0, log = FALSE) Density

■ pchisq(q , df, ncp=0, lower.tail = TRUE, log.p = FALSE) Distribution function

■ qchisq(p, df, ncp=0, lower.tail = TRUE, log.p = FALSE) Quantile function

■ rchisq(n, df, ncp=0) Data sample of size n of a χ
2-distributed sample

Arguments

■ x, q vector of quantiles.

■ p vector of probabilities.

■ n number of observations. If length(n) > 1, the length is taken to be the number required.

■ df degrees of freedom (non-negative, maybe non-integer).

■ ncp non-centrality parameter (non-negative);

■ log, log.p logical; if TRUE, probabilities p are given as log (p).

■ lower.tail logical; if TRUE (default), probabilities are P (X ≤ x), otherwise, P (X > x).
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χ
2-Distribution Table

From: Rasch, D. & Kubinger, K. D. (2006), Statistik für das Psychologiestudium. Heidelberg:

Elsevier.
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t -Distribution

In the following definition we again use the gamma function Γ defined by Equation (1).

Definition 3.

Let n ∈N. A continuous random variable X : (Ω,A,P ) → (R ,B) has a central t-distribution

with n degrees of freedom, denoted X ∼ tn , if X has a density satisfying

f X (x) =
Γ
(

(n +1)/2
)

p
n π ·Γ (n/2)

(

1+
x 2

n

)−(n+1)/2

, ∀x ∈R . (6)

If X ∼ tn and n > 1, then E (X ) = 0, and if n > 2, then Var (X ) = n/(n −2).

If Z ∼N0,1, Y ∼χ
2
n , and Z and Y are independent, then

X :=
Z

√

Y

n

(7)

has a t-distribution with n degrees of freedom.
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Central t -Distribution With d f = 1,5,10

The following figure displays the densities of three t-distributions with 1, 5, and 10 degrees of

freedom, respectively.
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R-Programs for the t -Distribution

Description

■ Density, distribution function, quantile function and random generation for the t distribution with df

degrees of freedom (and optional non-centrality parameter ncp).

Usage

■ dt(x, df, ncp, log = FALSE) Density function

■ pt(q , df, ncp, lower.tail = TRUE, log.p = FALSE) Distribution function

■ qt(p, df, ncp, lower.tail = TRUE, log.p = FALSE) Quantile function

■ rt(n, df, ncp) Data sample of size n of a t-distributed sample

Arguments

■ x, q vector of quantiles.

■ p vector of probabilities.

■ n number of observations. If length(n) > 1, the length is taken to be the number required.

■ d f degrees of freedom (> 0, maybe non-integer). df = Inf is allowed. For qt only values of at least one are

currently supported.

■ ncp non-centrality parameter delta; currently except for rt( ), only for abs(ncp) ≤ 37.62. If omitted, use the

central t distribution.

■ log, log.p logical; if TRUE, probabilities p are given as log (p).

■ lower.tail logical; if TRUE (default), probabilities are P (X ≤ x), otherwise, P (X > x).
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t -Distribution Table

From: Rasch, D. & Kubinger, K. D. (2006),

Statistik für das Psychologiestudium. Heidelberg: Elsevier.
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F -Distribution

In the following definition we again use the gamma function Γ defined by Equation (1).

Definition 4 (Central F -Distribution).

Let m,n ∈N and let X : (Ω,A,P) → (R ,B) be a continuous nonnegative random variable. Then we say

that X has a central F -distribution with m and n degrees of freedom, abbreviated X ∼ Fm,n , if it has a

density satisfying

f X (x) =











Γ
(

(m +n)/2
)

·m m/2 ·n n/2 ·x m/2−1

Γ (m/2) ·Γ (n/2) · (n +mx) (m+n)/2
, if x ≥ 0,

0, if x < 0,

∀x ∈R . (8)

If X ∼ Fm,n , then, for n ≥ 3, the expectation of X is E (X )= n/(n −2). For n ≤ 2, the expectation does not

exist. If n ≥ 5 the variance of X is

Var (X ) =
2n 2 · (m +n −2)

m · (n −2)2 · (n −4)
. (9)

For n ≤ 4, the variance of X does not exist.

If Z ∼χ
2
m and Y ∼ χ

2
n are independent, then

X :=
Z /m

Y /n
∼ Fm,n . (10)
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Some Densities of F -Distributions

The following figure displays the densities of four F -distributions.
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R-Programs for the F -Distribution

Description

■ Density, distribution function, quantile function and random generation for the F distribution with df1 and

df2 degrees of freedom (and optional non-centrality parameter ncp).

Usage

■ df (x, df1, df2, ncp, log = FALSE) Density

■ pf (q , df1, df2, ncp, lower.tail= TRUE, log.p = FALSE) Distribution function

■ qf (p, df1, df2, ncp, lower.tail= TRUE, log.p = FALSE) Quantile function

■ rf (n, df1, df2, ncp) Data sample of size n of a F -distributed sample

Arguments

■ x, q vector of quantiles.

■ p vector of probabilities.

■ n number of observations. If length(n) > 1, the length is taken to be the number required.

■ df1, df2 degrees of freedom. Inf is allowed.

■ ncp non-centrality parameter. If omitted the central F is assumed.

■ log, log.p logical; if TRUE, probabilities p are given as log(p).

■ lower.tail logical; if TRUE (default), probabilities are P (X ≤ x), otherwise, P (X > x).
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F -Distribution Table

From: Rasch, D. & Kubinger, K. D. (2006), Statistik für das Psychologiestudium. Heidelberg: Elsevier.
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