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Definition of a Conditional Probability
Let (2,7, P) be a probability space, A1, Ay € &, and P(A1) > 0. Then

P(A1nA)

P(A2141) = PAD)

is called the conditional probability of A, given A;.

Q
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Multiplication Rule
If P(Ay) >0, then:
P(A1nA2) = P(A1)-P(A21A1)
If P(A1 nAy) >0, then:
P(Al ﬂAg ﬂAg) = P[(Al ﬂAg) ﬂAg]
= P(A1nAp)-P(A3|A1nAp)
= P(A1)-P(A2|A1)-P(A3]1A1 N Ap)
IfP(A1Nn...nAu—1) >0, then:
P(A1N ... NAp) = P(A])-P(A2|A1)-P(A3|A1NAg)- ... -P(AplA1N ... NAy_1)
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Theorem of Total Probability and Bayes Theorem

If

(a) the events Aj,..., Ay are pairwise disjoint,
(b) Bc AjU...UAy,, and

(c) P(A;)) >0, foralli=1,...,n,

then:

P(B) = P(BNAj)+...+P(BNnAy) (total probability)
= P(B|Ay)-P(A])+...+P(B|Ap)-P(Ap)
and
P(B|A;)-P(A;)

Pai1B) = P(B|Ay)-P(A1)+...+P(B|Ap)-P(Ap)

(Bayes)
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Independence of Events
(i) Two events A1, Ay are called (stochastically) independent, if
P(A1nAp) = P(A1)-P(Ap).
(ii) The events Ay, ..., A, are called (stochastically) independent, if
P(Aj N...NA;,) = P(A;))-...-P(4;,)
forall {iy,...,im} < {1,...,n}.
Independence of the events Aj,..., A, implies their pairwise independence. Pairwise independence of the events Aq,..., A,
does not imply independence of the events Ay, ..., A;.
Independence of the three events A, Ay, A3 implies
P(A;nAj)=P(A)-P(A)), foralli,j=1,23, i#],
and
P(A1n AN Ag) = P(A1)- P(A2)- P(A3).
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Independence of Sets of Events

all n-tupels (Ay,...,Ap) €8] x...x &)y are independent.

Note that this definition also applies to o-algebras o1, ..., o/, c .

Definition 1. Let (2, «/, P) be a probability space. The sets of events &1,...,6, © o are called (stochastically) independent, if
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Conditional-Probability Measure
Let (O, o/, P) be a probability space. If B € o« and P(B) > 0, then the function PB: of —[0,1] defined by
PBA) = P(A|B)  forall Aeof M
is a probability measure. It is called the B-conditional probability measure on (Q, «¢).
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Example: Joe and Ann with probabilities for elementary events

Table 1: Joe and Ann with probabilities for elementary events

Elements of Q
E
. £ ¢ 3
522 |«
Joe, no, -) .09
Joe, no, +) 21
(Joe, yes, —) .04
(Joe, yes, +) .16
(Ann, no, -) .24
(Ann, no, +) .06
(Ann, yes, —) .16
(Ann, yes, +) .04
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Example: Joe and Ann With Some Conditional Probabilities
Which is the conditional probability of success given Joe is sampled and treated?
Which is the conditional probability of success given Joe is sampled and not treated?
Which is the conditional probability of success given the sampled person is treated?
Which is the conditional probability of success given the sampled person is not treated?
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