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MUller-Lyer-Figure and Baldwin-Figure

<

Figure 8.1. Muller-Lyer-Figur (left) and Ba dwin-Figure (right). For
the purpose of a direct comparison, the lines with the same length but
without the context stimulus are presented below each figure.




Stevens’ Power Lawll|

How can the Stevens’ Power Law be tested empirically,
i.e. how to test if the dependency redlly linear regressive?

How does the perception depend on context stimulus?

Before we can answer these questions we have to introduce
further concepts: the linear quasi-regression and the ssimple

nonlinear regression

Linear Quasi-Regression: Definition

Definition 8.1

Let XandY be numerical random variables of acommon probability
space, and both with a positive and finite variance. Thelinear function
Q(Y | X) =ap+a1»X of Xiscalled linear Quas -Regression, if for the
residual
n:=Y- (ag+a;XX), agayl IR,
the following equations hold:
E(n)=0,

Cov(n, X) =0.




Linear Quasi-Regression: Notes

Thevariable Y is also defined as the sum of alinear function of X and

the error variablen. This can be show by transforming the equation to:

Y=ag+aXX+n.

Linear Quasi-Regression: Properties
of the Residual

E(n)=0
Cov(n, X) =0,
However
E(n|X)=0

does not necessarily hold.




h Linear Quasi-Regression: Alternative Definition

Definition 8.2.

Under the conditions given in definition 8.1 the linear quasi regression of
Y on X can be defined as the linear function of X, that minimizes the

following function of the real -valuedagand az:
LS(ay a;) = E[(Y - @o+a X)) . least squarescriterion

Those numbers ag and a,, for which the function LS(a,, &) is aminimum,

are denoted by ag and a;. The linear quasi regression is then defined by:

QY| X) :=ag+ag X
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Linear Quasi-Regression: Identification
of Coefficients

Both definitions of the linear quasi-regression imply the same equations for the
coefficients of the linear quasi-regression. They are identical to the equations for

the coefficients of the (real) linear regression:
ap = E(Y) - ap>xE(X),
a1 =Cov(X, Y)/Var(X).

The identification of the coefficient of determination of the linear quasi-regression
isasoidentical:

> ._afvar(X) _ 2
Qvx = Vary) Kor(X, Y)=.

Only if E(Y | X) isredlly alinear function of X the coefficient of determination of

the linear quasi-regression isareal coefficient of determination.




Linear Quas Regression: Illustration 9
Y
110 1 a Y
105 1 ; o E(YIX)
100 1 S o QYIX)
% 1 e g o
] I N
D 7 B ,'/ N a
& 1 1 :
| SRR R SR IRr_ USRS - S S
] a \
80 3 8 / ® % \a
75 ] y \
A 8
E /o LA
65 7 /) \
] / X
60 : I/I \\
55 1 T T T T T i 1
0 1 2 3 4 5 6
X
Figure 8.2. Regression and linear Quasi-Regression with parabolic regressive
dependency of avariableY from avariable X The (rea) regresson isthe parabola;
the conditional expected values are the solid dots. The linear quasi-regression is
shown by the straight line parallel to the X-axis with the non-solid dots. The squares
are the pairs of values of (X Y).
Simple Nonlinear Regression: Parameterization 10

as a Polynomial Regression Model

The example in Figure 8.2 showed a regression, which was not a linear
function but a quadratic function
E(Y | X) =ag+a;xX+a,*X?2,
of X. In genera there can cubic or even polynomials of higher order
E(Y | X)=ag+a; X +a,xX2+...+a, ; X" 1,
In this case however, the regressor X has to have at least n different values,

because you can aways put a polynomial of the order (n- 1) through n points.




Simple Nonlinear Regression: Parameterization
asaMeans Regression Model |

If the regressor X of aregression E(Y|X) has only n different values xy, ..., Xn the
regression E(Y|X) can be parameterizised as a means model. First, we need n
indicator variables:

= Xy

1 0,0otherwise
The variables |; (so-called dummy variables) indicate with the value 1, if the
regressor X takes the value x;. Note that these indicator variables | are functions
of X, and that all 14, ..., I, contain the same information as the regressor X. That

is:E(Y [X) = E(Y]ly, ..., ). Hence we can use both notations.
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Simple Nonlinear Regression: Parameterization
asaMeans Regression Mode 11

The following parameterization represents a saturated model:
E(Y[X)=mX1+ ...+ mpX,.
The usage of the symbols m makes sense because the m represent the
conditional expected vaues, i.e.
m=EY|X=x), fori=1,..,n.
This can be ead ly be shown by
E(Y|X =x9) =mxL+m>0 + ...+ m, >0 =m,
E(YIX =x)=mpO0+mpxl+mp>x0+...+m0 =m,

E(Y|X =Xp=m>X0+m>0+ ...+ m X =M
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Testing the Linearity of a Regression | 13

To test the linearity of aregression E(Y | X ') you first calculate alinear quasi-
regression and its coefficient of determination Q7x =ai Var(X) / Var(Y) with
aprogram for simple linear regression. Then you calcul ate the regression

E(Y | X') and the coefficient of determination R5|x viaa saturated para-
meterization The test of the linearity of the regression is done by comparing

QY2|X with RY2|X . If the regression E(Y | X ) is linear, then:

Ho: Rgp( - Q3|x =0

Testing the Linearity of a Regression |1 14

The test of linearity can be accomplished by the following test statistic:

wheren isthe number of parameters of the saturated parameterization, m the
number of parameters of the restricted, the quasi linear parameterization and
N the number of the sample size.




L ogistic Regression | 15

If Y is a dichotomous regressand with values 0 and 1, then the regression
E(Y | X) is aso the conditional probability function P(Y =1 | X). If Xis
not a dichotomous, but acontinuousvariable, then the regression E(Y | X)
can not be parameterized as a linear regression, because a straight line is
inconsistent with the range [0, 1] of a (conditional) probability.

In this case the logistic linear parameterization is often used:

P(Y:1|X): 9<p(g(]+gl><)
1+exp(g+ 9.X)

Logistic Regression |11 16

In thelinear case, the logit may be written:
P(Y =1| X
G POELX)

PO - g+ 0x
PY=o/x) *"




Logistic Regression 11 17
If Xis continuous and Y is dichotomous the regression might not be a
logistic linear one. The more general case would be a polynomial
parameterization:

2 n-
P(Y = 1x) = —ZP(&+ GX +gX st +gmX ‘)_ _

I+exp(Qo+ g X + g X *+... +9,,X ™)

Logistic Regression |11 18
The equation

P(Y=1|X)_ e)(p(|1|1+| 2|2+"‘+|n|n)

T lvexp(l )
isthe saturated parameterisation if the regressor X has only n different

valuesxy, ..., Xn.




