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1. Basic concepts of multilevel modeling

1.1 Introduction

Multilevel models deal with the analysis of data where observations are nested within groups. Social,
behavioral and even economic data often have such a hierarchical structure. A frequently cited example
is in education, where students are grouped in classes. Classes are grouped in schools, schools in
education departments and so on. We thus have variables describing individuals, but the individuals may

be grouped into larger or higher-order units.

Traditionally, fixed parameter linear regression models have been used for the analysis of such data.
Statistical inference is based on the assumptions of linearity, normality, homoscedascity and
independence. It has been shown by Aitkin and Longford (1986) that the aggregation of variables over
individual observations may lead to misleading results. Both the aggregation of individual variables to a
higher level of observation and the disaggregation of higher order variables to an individual level have
been somewhat discredited (Bryk & Raudenbush, 1992). It has been pointed out by Holt, Scott and
Ewings (1980) that serious inferential errors may result from the analysis of complex survey data, if it is

assumed that the data have been obtained under a simple random sampling scheme.

Multilevel data structures are pervasive. As Kreft and de Leeuw (1998) note: "Once you know that
hierarchies exist, you see them everywhere". It was not until the 1980s and 1990s that techniques to
properly analyze multilevel data became widely available. These techniques use maximum likelihood
procedures to estimate random coefficients and are often referred to as "multilevel random coefficient

models" (MRCM) in contrast to "hierarchical linear models" (HLM).

In the following sections, a number of issues pertaining to the analysis of hierarchical data will be

addressed.

1.2 Hierarchies, Strata, Subgroups

Many populations of subjects are organized in subgroups. Examples of subgroup distinctions are gender,

educational level, or type of job.

Statistical analyses can take advantage of this organization to improve the accuracy of statistical

summaries and predictions.



Example 1.1

In education research, a recurrent structure is the subgrouping that exists because students are assigned

to particular classrooms.

e« The educational environment in one classroom can be quite different from that in others:
characteristics of the teacher and the interactions among the students vary.

« When students participate in an experiment, the effect of the treatment may depend on the classroom
to which a student is assigned.

¢ Failure to account for classroom subgroups may distort the effectiveness of the treatment.

1.3 The Interaction Question

Interaction exists when the benefit of an intervention, or the effect of a treatment, depends on particular

levels of other variables.

Simple Interaction: Differential performance is attributable to levels of a single variable. For example,
students in classes with a female teacher perform better than students with a male teacher, on the same

curriculum.

Complex Interaction: A variety of contextual or background variables are associated with performance.
Differences in behavior cannot be attributed to any single variable. For example, on a common
curriculum, students in certain classrooms perform much differently than in others. However, no specific

variable accounts for the differential outcome.

Example 1.2: Can Mathematics Achievement be predicted by Reading Ability?

In the study of cognitive ability, verbal skill is considered by many to be the core feature of intelligence.
Individual differences in verbal skill are strongly associated with performance in many different mental
tasks. Although this association has been observed in many different settings, the strength of the

correlation varies considerably across characteristics of students.

Figure 1.1 shows the correspondence between standardized reading and mathematics scores for 147
high school students (see Tatsuoka, 1988). Subjects are a subsample of students who participated in a
large-scale, national longitudinal study known as High School and Beyond. The first 10 observations from

the file tatsu.psf are shown below.
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Figure 1.1: Graphical display of Mathematics score versus Reading score

Consider the regression of Mathematics score (M) on Reading score (R) for this sample

M=Bo+B1R+e

Estimates of the two regression coefficients and the correlation p = corr(M,R) are

Bo B p
38.0 0.640 0.83



For scientific and practical reasons, it is of interest to know whether the prediction of Math from Reading

is essentially the same for different types of students.

« Is the association stronger for students with professional goals than for students interested in
technical careers?
« Does it differ according to characteristics of the families?

« How does previous educational experience moderate the correlation?

If the regression relationship varies systematically across levels of a covariate, then it is important to take

the variable into consideration when making predictions.

Students in this study were pursuing a number of different career options:
e Trades (Tr)
« Police or Security (P)
e Business Management (B)
e Sales (S)
«  Military Service (M)
e Teacher Training (T)
e Industrial Operations (1)
* Undecided (U)

¢ Real Estate Management (R)
Table 1.1 shows the results of nine different regressions, one for each of the nine career subgroups. The
sample size available for each regression varies. Of course, and this is the main point, the estimated

regression coefficients vary, too. The subgroups have the following estimates:

Table 1.1: Estimates of regression coefficients, independently in each group

Career Options

Tr B M I R P S T U

B, | 38.0|36.1|40.5|36.1| 39.5| 344 37.4| 41.4| 353

B, | 066]0.71]| 0.38| 0.74] 0.63| 0.83| 0.65| 0.68 | 0.65

In some career options, the subgroup regression is similar to the regression for the total sample, while in

other career option subgroups the regression is somewhat different (see Figure 1.2).
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Figure 1.2: Regression lines for the population and 9 career option subgroups

Comparison of Results

The results are consistent with the impression from Figure 1.2 and Table 1.1. Some career options, such
as Trades, Real Estate, and Sales, are described adequately by the total sample regression equation. In
these subgroups, career option is immaterial to the regression of Math on Reading. On the other hand, for
students pursuing other career options, especially the Military Service, the Police or Security, and
Teacher Training, and those in the Undecided group, there is a lack of fit by the single common model,
and therefore an appreciable loss of prediction efficiency is possible when using the total sample

regression.

1.4 The Problem of Structured Populations

Example 1.2 illustrates the kind of problem that can arise when a stratification exists in a population, and
a single model is applied to all subjects without regard for potential differences between strata. Parameter
estimates obtained on the total sample may perform poorly when applied to particular subgroups.
Conversely, differences between subgroups may adversely affect the estimates developed for the total

sample.



A method of data analysis is needed that

e produces accurate estimation of the model in the total sample.

« allows submodels for subgroups to differ, perhaps markedly if necessary.

e can relate the overall model of the total sample to the various models of the subgroups in a

systematic way.

There is a class of models that exhibits these desirable properties. The methodology is known by a
variety of names, including mixed-effect models or random coefficient models. In much of the social

science domain, they are known as hierarchical models.

1.5 A Basic Two-level Model

The basic regression approach with a single independent variable requires two coefficients

Yij = Bo ¥BiXj tey,

where (3, denotes the population intercept and 3, the population slope. In terms of the data described in

Example 1.2, the subscript | denotes career option while subscript j denotes the j-th individual within this

particular career option subgroup.

The parameters are interpreted as follows.

B,: Average value of y when x = 0

B,: Average change iny for every increase of 1 unit in x

This interpretation immediately highlights the problem with standard regression when data have a

hierarchical structure. As was apparent in Figure 1.2, subjects in some of the subgroups may have
different starting points than 3, at x = 0, as well as different rates of increase in . Although B, and 3,

may be roughly satisfactory as representations of the average relationship between y and x, they may not

describe subgroups effectively.

If the problem is to properly describe the structure in a subgroup, then the obvious approach is to attend
to data in one of the strata, not in the overall sample. In a limited sense, each subgroup is allowed to have
its own model. To accommodate differences in subgroups, and also to relate these differences to an
overall model that describes the average relationship between y and x, a series of regressions is defined

at the subgroup level.



e In any single subgroup, the regression may differ from the population model.

* Regression relationships in the collection of subgroups may all differ from another.

Toward that end, we define regression coefficients that are unique to the i-th subgroup as:

b,,: average value of y at x = 0 for subgroup i

b,, : average change in y for every increase of 1 unit in x for subgroup i.

The difference between coefficients in a subgroup and the population values are known as random

effects:

Uip=bi - By

Up=by -By

Random effects are a measure of how different the subgroup's intercept and slope are from those of the

population model. Turning the relationship around gives the more common form,

big=Bgy *tUj

biy =By +uy,
where b denotes a subgroup coefficient, 3 a population coefficient and u a random effect.

Carrying on with the example of predicting Math scores from Reading scores, the new model has random

intercepts and slopes, and includes within it the earlier model with population average parameters

M; =b, +b,R; +e;
= (B +Ui) +(B +ui1)Rij +E;
= (B, + BRy) +(u +uyRy) +e;

(B, + BR;) is known as the fixed part of the model while (U, +U;R;) +¢€; is the random part of the

model.
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1.6 Population and Subgroup Models

The two-level model is more complicated than simple regression, but it has an appealing flexibility that

compensates for the extra complexity. For example,

« although the belief is that a linear relationship exists in the population as well as in each of the

subgroups, the particular patterns may all be different.
» the population slope, B;, may be positive, while the slope in a particular group may be zero or
negative.

« ifin a certain subgroup, U, is zero but U, is not, then the group’s intercept is the same as that in the

population, but with a different slope.

The fact that such wide differences can be represented is an extremely valuable and pleasing feature of

the multilevel analysis methodology.

1.7 Levels of a Multilevel Analysis

The overall population of individuals in a multilevel analysis is assumed to be structured in a manner that
must be accounted for in order to properly assess the effect of a treatment, or to understand a regression

relationship.

The hierarchical framework is based on two kinds of population. These populations are known as the

levels of the hierarchy. The interconnection between the levels is the key concept in this kind of analysis.

Level 1: Every subgroup in a structured population is itself a population, or more specifically a
subpopulation. Individuals within a subpopulation are known as level-1 units. It is assumed that subjects
are members of only one subpopulation. In an actual study, a sample of individuals (or level-1 units) is
selected from each subpopulation. Part of the inferential problem is to generalize from the sample to its
subpopulation. Continuing with Example 1.2, students following a particular career option are level-1 units

within each of the career options.

11



Level 2: Subpopulations are known as level-2 units. A more general way of stating “students are

organized within career options” is to state that “level-1 units are nested within level-2 units”. It is
assumed that level-2 units are part of a population. For example, it is assumed that there is a population
of different careers; from this population, a sample of nine subgroups was selected. The nine career

subgroups are not exhaustive -many others could have been obtained.

Another aspect of the inferential problem in a multilevel analysis is generalizing from the sample of career

options to the larger population of career options.

Conceptually, the sampling framework has this form:

« A sample of level-2 units is selected. For example, a subset of career options from the larger
population of career options is selected.
e« From each level-2 unit, a sample of level-1 units is selected. For example, a sample of students

pursuing a career option is selected.

Example 1.3: A 2-level model for the Mathematics / Reading Scores

The earlier analysis of these data actually consisted of ten unrelated regressions, one for each of the nine
career subgroups, plus the total sample analysis. These analyses are unrelated because each subgroup

analysis ignores information from subjects in other subgroups.

Recall that the estimates of the population coefficients (see Example 1.2) were (38.0, 0.640).

The following PRELIS syntax (tatsu2.pr2) is used to fit a 2-level model to these data:

OPTI ONS OLS=YES CONVERGE=0. 001000 MAXI TER=10 QUTPUT=ALL ;
TI TLE=Tat suoka sanpl e of Hi gh School and Beyond ;
SY=TATSU. PSF;

I D1=I D1 ;
| D2=Car eer

RESPONSE=Mat h ;

FI XED=I nt cept Readi ng ;
RANDOML=I nt cept ;
RANDOVR=I nt cept Reading ;

By specifying OUTPUT=ALL, the usual *.out file and two additional files are produced, namely a file
containing level-1 residuals (*.res file) and a file containing estimates of level-2 empirical Bayes residuals
(*.ba2 file).

12



In this analysis, all the information available in the total sample contributes to the accuracy of the

estimates in all other subgroups.
Partial output from tatsu2.out is given below.

(i) Fixed part of the model

| TERATI ON NUMBER 5
o e e e e —eaooo +
| FI XED PART OF MODEL |
oo e e oo +
COEFFI Cl ENTS BETA- HAT STD. ERR Z- VALUE PR > | Z|
I nt cept 37. 68531 0. 76864 49. 02825 0. 00000
Readi ng 0. 65545 0. 04066 16. 12127 0. 00000

From the fixed part of the model it follows that 3, = 37.68531 and [3, = 0.64434, where 3, and 3,

denote the estimated population's intercept and slope respectively.

(i)-21nL

-2 LOG LI KELI HOOD = 815. 327159089409

The -2 In L value may be used to construct test statistics. See Example 3.3 for more details.

13



(iii) Random part of the model

e m e e e e e eeeo oo +

| RANDOM PART OF MCDEL |

o e e e e e e e e +
LEVEL 2 TAU- HAT STD. ERR Z- VALUE PR > |Z
Intcept /Intcept 0.91092 2.32327 0. 39208 0. 69500
Readi ng /| nt cept 0. 00319 0.10399 0. 03068 0. 97552
Readi ng / Readi ng 0. 00494 0. 00669 0. 73802 0. 46050
LEVEL 1 TAU- HAT STD. ERR Z- VALUE PR > | Z
Intcept /Intcept 13. 55506 1.67523 8. 09146 0. 00000

LEVEL 2 COVARI ANCE MATRI X
I nt cept Readi ng
I nt cept 0.91092
Readi ng 0. 00319 0. 00494
LEVEL 2 CORRELATI ON MATRI X
I nt cept Readi ng
I nt cept 1. 0000
Readi ng 0.0476 1. 0000

LEVEL 1 COVARI ANCE MATRI X

I nt cept
I nt cept 13. 55506

LEVEL 1 CORRELATI ON MATRI X

I nt cept
I nt cept 1. 0000

The interpretation of the level-2 and level-1 part of the output is given in Section 1.7 and Section 1.8
respectively. The empirical Bayes residuals and variances (saved in tatsu2.ba?2) for the nine career

subgroups are given in Table 1.2.

14



Table 1.2: Empirical Bayes residuals and variances for the nine career subgroups

Career | Predictor | EB residual Variance of Fixed effect
no. EB residual
1 1 0.10707 0.61606 Intcept
1 2 0.72738E-02 0.26697E-02 Reading
2 1 -0.35773 0.56775 Intcept
2 2 0.63561E-02 0.13663E-02 Reading
3 1 -0.32494 0.62351 Intcept
3 2 -0.11736 0.16012E-02 Reading
4 1 -0.41321 0.49411 Intcept
4 2 0.18879E-01 0.18271E-02 Reading
5 1 0.52911 0.57515 Intcept
5 2 0.30752E-01 0.20819E-02 Reading
6 1 -0.17362 0.66952 Intcept
6 2 0.19155E-01 0.24943E-02 Reading
7 1 -0.69131E-01 0.68260 Intcept
7 2 -0.68889E-02 0.18396E-02 Reading
8 1 1.2686 0.60906 Intcept
8 2 0.92458E-01 0.17909E-02 Reading
9 1 -0.56618 0.69489 Intcept
9 2 -0.50620E-01 0.19943E-02 Reading

Using the results of the fixed part of the model and those given in Table 1.2, estimates of the individual

coefficients summarized in Table 1.3 below are obtained. The computation of these values are illustrated

for the Undecided career subgroup.

A

From Table 1.1, Ug =-0.56618, and from the fixed part of the model, ﬁo = 37.68531, so that

bgo = 37.68531-0.56618 = 37.119.

A

Similarly, Ue1 = -0.0506 and therefore

N
bo1

n n

= B, +Uo1 =0.65545 - 0.0506 = 0.604.

15
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Table 1.3: Estimates of regression coefficients from a multilevel model

Career Options

Tr B M I R P S T U

’23 37.792 | 37.328 | 37.360 | 37.272 | 38.214 | 37.512 | 37.616 | 38.954 | 37.119
i0

'23 0.663 | 0.662 | 0538 | 0.674 | 0.686 | 0.675 | 0.649 | 0.748 | 0.604
i1

Trades; Business Management; Military Service; Industrial Operations; Real Estate Management; Police

or Security; Sales, Teacher Training; Undecided

1.8 Summary Measures of the Random Effects

Recall that the random slopes and intercepts are

bip=Bo T Uj

bip =By +uy.

These coefficients vary across level-2 units. Because they differ from unit to unit, they can be summarized

in the same way other variables are summarized.

The means of the random effects are both zero, and the means of the individual coefficients equal the

parameters
mean(U;,) =0 mean(U;;) =0
mean(b,) =B, mean(b,,) =B,

The variability of the random slopes and intercepts is also useful information. Obviously, from the

previous example, the intercepts and slopes vary across career options. This variability is summarized as

D, , = Variance (U;p)

®,),, = Variance (Uj)

Finally, the covariance between U;, and U;, describes the extent to which intercepts and slope values are

correlated.

16



®,),, = Covariance (U, Ujy)

The variances and covariance are collected into a single matrix known, appropriately enough, as the

covariance matrix of the random effects.

_ [l Var(uio) [l
@~ ov(u,,u,) Var(u)H

The estimate of the covariance matrix of random effects from the Mathematics/Reading data as obtained

from tatsu2.out is

. [0.91092 U

“ ~1.00319 0.00494H

The correlation between random slopes and intercepts is easier to understand than the associated

covariance. This is given by

Cov(uy, Us)

Jvar(u)Var(u,)

Corr(u;;,u;,) =
In the example, the estimate is 0.0476. This means that across career groups, intercepts and slopes do
not appear to be strongly related.

Note on Interpretation:

CD(Z) is not simply the sample covariance matrix of U;, and U;; over the nine career options in this study.

Rather, it is the estimated covariance matrix of random slopes and intercepts in the population. To make

the distinction clearer the
< sample variance of the nine intercepts, estimated independently in Table 1.1, is 5.86.

« sample variance of the nine random intercepts from Table 1.2 is 0.33

e estimated population variance of the random intercepts from the multilevel model is 0.911.

17



1.9 The Variance of Level-1 Residuals

One final concept needs to be reviewed. Repeating from above, the random coefficient model for the

example can be written in either of two ways, namely

M =By, +bR; +e;
= (B +Uig) +(B, +Ujo)R; +¢;

The residual, €. is the difference between actual and predicted Mathematics score for the j-th subject. In

other words, &; is the amount of scatter in the equation for the i-th career option.

The most common assumptions regarding these residuals are that

< the scatter is constant everywhere along an individual equation (i.e., lack of fit at reading score R = 12
is the same as at R = 22).

e the scatter is the same across all career options.

« lack of fit for units within one career option is unrelated to lack of fit within other career options.

With this background, we need only worry about the variability of € This is written as

@, =Var(e;) = o’

In the example, the individual regressions fit the data rather well. This can be seen in Figure 1.3. The

. 2 . . .
estimate of 0, over all subjects and career options is

0’ =13.555.

18
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Figure 1.3: Plot of empirical Bayes curves and observed values for four career options
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1.10 Grand Mean Centering

An intercept term is generally interpreted as the expected average of the dependent variable, given that

all predictors in a model are equal to zero.

Consider the prediction of Mathematics scores from Reading scores using the level-2 model defined and

fitted in Examples 1.2 and 1.3. The model formulation is

M; =b, +b,R; +e;
= (B, +Uy) (B, +uy) Rij +E;

In this model, the estimated intercept b, is defined as the expected mean Mathematics score for a

student who chose career group i, given that Reading score has a value of zero. In the present context, a
reading score value of 0 is not meaningful. Consideration should be given to the possible transformation
or rescaling of Reading scores that will lead to a more meaningful interpretation of the intercept. The

same reasoning may also be used in the case of level-2 predictors, which is not discussed here.

Another example of a situation where rescaling of the predictor may be considered in order to aid

interpretation of the results is in the case of a model where a student's test achievement is modeled as
dependent on his/her Intelligence quotient. Clearly, the interpretation of the estimated value of b, in this

model as the expected test score for a student from subgroup i with IQ quotient equal to zero, is not

useful. The same line of reasoning also applies to predictors such as blood pressure, age and weight.
The predictors can be transformed to deviations from the grand mean or to deviations from the subgroup
means. However, centering in multilevel regression models can have different and unexpected results,
depending on the way in which the variables are centered.

The following are two advantages of centering the predictors:

« Obtaining estimates of the intercept, slope and other effects that are easier to interpret, so that

the statistical results can be related to the theoretical concerns that motivate the research.
« Removing high correlations between the random intercept and slopes, and high correlations

between first-level and second-level variables, and cross-level interactions (for a detailed

discussion of this aspect, refer to Kreft and de Leeuw, (1998), pp. 135 to 137).

21



In the grand mean centered model, the explanatory variable(s) are centered around their overall means.

In the model given below, R_M represents the grand mean of all the reading scores, irrespective of career

group.
Level-1 model:

M; =b, +b,(R; —R_M) +e;
Level-1 model:

big=By *+Uj

by =B, tuy

From the equations above it can be seen that the estimated value of b, is the expected mean value of

Math(M) , given Rij =R _M, that is, the expected value of a measurement j from career option

subgroup i with Reading score equal to the grand mean of all Reading scores.

The variance of b, has a different interpretation, too. It is now the variance between level-2 units in the

adjusted means.

The parameter 3, is the adjusted expected mean Mathematics score across career option subgroups,

when the Reading score equals its sample mean value.

Example 1.4: A 2-level grand mean centered model

It can be shown that the model considered in this section and the model considered in Section 1.5 are
equivalent linear models (see Kreft et al. (1995) and Kreft & De Leeuw (1998) pp. 106 to 114). Equivalent
models will not have the same parameter estimates, but estimates from one can be translated into the

estimates from another. They will have the same fit, the same predicted values and the same residuals.

The sample mean of reading scores can be obtained by opening tatsu.psf. One could use the Statistics,
Data Screening option, or, alternatively, obtain the sample mean from the histogram presentation of the
variable Reading. To obtain a histogram, left click on the Reading label and then left click on the Draw

Histogram icon.

22



File Edit Data Transformation  Statistice  Graphs  Multlevel Model:  View  Windaow

EEEEEEEEEEILIE
Elel =0l Do el =] )

¥ TATSU PSF

1.0 15.2

2.0 43.5 B
3.0 44.1 BT
4.0 47.5
5.0 63.9
6.0 Iy 154

Career | 101

| k| k| k| ok

Reading
a0F
45t
4nf
35F
g
(]
=
[E]
=
(=3
1]
[
Var: Readmg
H= 14T
hiean = 15,967
5.0 = 91T

-0.4 45 105 162 2185 2¥5 332 Ciap] 44 5
Hiztogram

From the graph above it is seen that the mean is 18.967. The next step is to add the variable Read_M to
the spreadsheet. From the Transformation menu, select the Compute... option to activate the Compute
screen.

File=Edit -~ [iata ; Transfu:urmatiu:un. Statisticz  Graphz  Multilevel Modelz

IE @  Becods.. I m

Wweight Wariable ...

Compute ... | [;i':i :?.(i Ei Eil

Click the Add button in the Additional variables field and enter Read_M in the edit box of the Add

variables screen. Click OK when done.
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Compute

Add ¥anables

Click on Read_M in the variable list and, with the left mouse button down, drag this label to the Compute
screen. Click on the equal sign and then drag Reading to the Compute screen. Once

Read_M = Reading - 18.967
is displayed, click on the Output Options button.

" [Read_M —Reading -18.967]

Select the Moments about Zero option and click OK. This option should be chosen when the data set
contains an intercept term. If this is not done, PRELIS may terminate with an error message indicating

that the intercept has zero variance.
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Ouput
 Moment Matrix

| Moments about Zero ;!|

o5
!
|

[ Save tofile: [ LISBEL system data i | |
|
|
|
|

Data_ ....... e

[ Save the tranzformed data to file:

| | Width of fields: [15 |

Make sure that tatsu.psf is updated with a new column of values for the variable Read_M. Open

tatsu3.pr2 and run the PRELIS program. The contents of this file are shown below.

OPTI ONS OLS=YES CONVERGE=0. 001000 MAXI TER=10 QUTPUT=ALL ;

TI TLE=Tat suoka sanpl e of Hi gh School and Beyond - grand nean centering ;
SY=TATSU. PSF;

I D1=I D1 ;

| D2=Car eer

RESPONSE=Mat h ;

FI XED=I nt cept Read_M ;

RANDOML=I nt cept ;

RANDOVR=I nt cept Read_M ;

A portion of the output file is shown below.

(i) Fixed part of the model

| TERATI ON' NUVBER 6
o e +
| FIXED PART OF MODEL |
o e +
COEFFI Cl ENTS BETA- HAT STD. ERR Z- VALUE PR > | Z|
I nt cept 50. 11732 0. 64341 77.89362 0. 00000
Read_M 0. 65545 0. 04067 16. 11523 0. 00000

The estimated intercept is 50.117. This value is the expected mean Math score for a randomly chosen

student with an average Reading score.
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(i) -2 In L

-2 LOG LI KELI HOOD = 815. 327153487148

The -2 In L value is exactly the same as the value obtained for the untransformed Reading scores.

(i) Random part of the model

e m e e e e e eeeo oo +

| RANDOM PART OF MCDEL |

e m e e e e e eeeo oo +
LEVEL 2 TAU- HAT STD. ERR Z- VALUE PR > | Z|
Intcept /Intcept 2.80830 1.75251 1. 60245 0. 10906
Read_M /I ntcept 0. 09684 0. 08387 1. 15464 0.24824
Read_M /Read_M 0. 00494 0. 00670 0.73723 0.46099
LEVEL 1 TAU- HAT STD. ERR Z- VALUE PR > | Z|
Intcept /Intcept 13. 55518 1.67514 8.09198 0. 00000

The variance of the intercept term (var(U;,)) has increased from 0.91092 (Example 1.3) to 2.80830. It is

interesting to note that the correlation between the intercept and the slope has also increased.

1.11 Summary of the Two-level Model

Now we can gather the various pieces together in the whole structure. Denote the dependent and

independent variable scores for the j-th individual within the i-th career choice as Yij and Xjj respectively.
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The linear model:
Yi = (Bo +ui0) +(B1 +ui1)Xij +eij1

where B, and 3, are fixed parameters for the mean curve that applies to all individuals, and U;, and Uy,

are random effects specific to the j-th career choice.

Level-1 variability (variability for subjects within career choices):

g; =, =Var(e;)

Level 2 variability (variability across career choices):

_ [l Var(uio) [l
@~ ov(u,,u,) Var(u)H

This arrangement means that the variability of Yij is composed of two parts:

variability of y = variability of (U;, , U;;) + variability of &;

(between careers) (subjects within careers)
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2. Hierarchical models for longitudinal data

2.1 Introduction

Hierarchical models have become valuable in many problems in the social sciences because populations
are often clustered into subpopulations. It is obviously more realistic to study the effect of a treatment with
a hierarchical model in this setting because the subpopulation structure is properly accounted for by the

method of analysis.

A second major use of the methodology is in the study of longitudinal or repeated measures data. Instead
of students clustered within schools, for example, the basic setup is one in which multiple measurements
on the same variable over time are obtained for several individuals. Although some different emphases
arise from studies utilizing cluster sampling compared with those arising from repeated measures studies,
the methods for analyzing the data exploit many of the same features available with hierarchical models.
For a repeated measures application, perhaps the most important feature is the combination of an
average profile of change over time that characterizes typical or mean change, plus a collection of individ-

ual level models that are potentially different for each case.

2.2 Inclusion of Covariates in the Analysis

The objective of hierarchical models in longitudinal research is to describe a developmental process at

the level of the group mean, and especially at the level of individuals.

When the model fits the data adequately, it is desirable to understand how this happens. How do the
individual differences represented by this regression approach arise? Which characteristics in the history

of the subjects account for variability in initial status, or in rate of change?

A hierarchical model is often expanded to include additional information about the subjects. The way
covariates are incorporated into a model is quite interesting. It is based on the following key idea:

Random effects have two interpretations, namely
« they are regression coefficients that quantify the extent to which an independent variable contributes

to a dependent variable.

« they are subject-level variables that differ from person to person.
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In their capacity as variables, the random effects can be predicted by or correlated with other covariates.
If some covariate is correlated with the random effects, then the covariate is an explanation for an

important feature (such as initial status or rate of change) of the entire developmental process.

2.3 Dealing with Missing Data

In many studies, data are missing for some subjects. Methods for the analysis of hierarchical models can
gracefully accommodate missing data of this kind, as long as the mechanism underlying the missing data

is cooperative. If this is true, then even with incomplete data

« estimates of the parameters of the model are obtained that take advantage of whatever information is
available.

e arbitrary patterns of missing data are dealt with easily.

There is a sizeable body of literature dealing with missing data (Little & Rubin, 1987, give a convenient

overview). A number of comments on this issue follows.

* In a study of cognitive development in children, if dropout occurs in the case of low ability children,
then the missing data is not ignorable. The sample becomes biased because low-ability subjects self-
select out of the study.

* In a comparison of treatment vs. control group, if treated subjects do not keep their scheduled
appointments due to iliness, then the missing data is non-ignorable.

« Interestingly, non-response on one variable might be predictable from values on other variables. If
non-response is predictable from covariates, but not from the target variable itself, then the missing
responses satisfy the missing-at-random assumption.

e Subjects who drop out of a study might be predictable from certain characteristics of their families. As
long as the missing data generated by the study drop outs are not directly predicted by the missing
values themselves, the non-response is ignorable.

< Judging whether non-response is ignorable is typically decided on a dichotomous basis: yes, it is
ignorable, or no, it is not.

« In fact, ignorability is a probability concept based on the conditional distribution of missingness given
values of the variable. Strictly speaking, this means there are degrees to which non-response is
ignorable. When there are many variables with complicated patterns of missing data, the assessment

of ignorability is not an easy task, even in artificial situations.
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In practice, it seems that if the missing data are not too obviously non-ignorable, many experienced
scientists proceed with methods that can deal with the missing data and are not overly concerned about
the consequences. This is not done because they are imprudent or dishonest, but rather because they

wish to utilize their valuable data as completely as possible.

Example 2.1: Treatment of prostate cancer

A study was conducted to investigate a treatment for prostate cancer in middle-age men (Cudeck, 1999).
The severity of prostate cancer is often assessed by a plasma component known as prostate-specific
antigen (PSA), an enzyme that is elevated in the presence of prostate cancer. Lower PSA levels indicate
better functioning. PSA levels were collected at baseline and at months 3, 6, 9, and 12 on a sample of
100 men. It is clear from Figure 2.1 that subjects generally improved during the experiment. A small

sample of the original data is shown in Table 2.1.

Plot of PSA on Month
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Figure 2.1: Graphical display of PSA levels at months 0, 3, 6, 9 and 12
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Table 2.1: Subsample of records from a treatment

Case Months of experiment

Age 0 3 6 9 12
1 69 304 | 280 | 269 | 25.2 | 19.6
2 58 278 | 26.7 | 205 | 18.7 | 18.8
3 53 266 | 21.8 | 17.8 | 179 | 145
4 61 248 | 245 | 20.2 | 19.8 | 18.8
5 63 33.7 | 30.3 | 254 | 27.3 | 20.1
6 49 265 | 246 | 20.9 -9.0 18.9
7 63 262 | 244 | 21.8 | 222 | 184
8 49 248 | 195 | 18.0 | 16.1 | 125
9 63 28.4 -9.0 225 | 194 | 229
10 56 26.1 -9.0 233 | 220 | 146
11 68 28.8 | 31.3 -9.0 231 | 228
12 67 29.8 -9.0 256 | 245 | 21.0

Missing data indicated by -9.0.

This example is realistic in that, just as in most studies, data are missing for some subjects. The

breakdown is as follows:

Missing data distribution

Number missing 0 1 2 3

Number of cases 46 43 9 2

With the prostate cancer data, it seems that the missing data occurs more or less randomly. Lacking
evidence that non-response arose on a systematic basis, it can be assumed the missing data is

ignorable.
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The first 10 cases in the PRELIS speadsheet (prostate.psf) are shown below.

B® PROSTATE PSF _[O]x

ID2 D1 | Month | PSA | Intcept | Age | Mo Age
I 1.000 0.000 30.400  1.000 69.000  0.000 =

1

2 1.000 Z.000 J.000  Z28.000 1.000 69.000 207.000 —

3 1.000 3.000 6.000  26.900 1.000 69.000 414.000

4 1.000 A.000 .000  25.200 1.000 69.000 621.000

b 1.000 5.000 12.000 19.600 1.000 69.000 828.000

b 2.000 1.000 0.000 27.800 1.000 58.000 0.000

i 2.000 Z.000 3.000 26.700 1.000 58.000 174.000

i 2.000 3.000 G.000  20.500 1.000 58.000 348.000

9 2.000 A.000 .000 18.700 1.000 58.000 522.000

10 2.000 5.000 12.000 18.800 1.000 58.000 696.000),
=] ;IJ

From Figure 2.1 it appears that the population regression curve can be adequately described by a linear

function.

The corresponding multilevel random coefficient model (MRCM) is

PSA; =by, +b, Month +e;.
On level-2 of the model, b, and b, become outcome variables:

b = By +Ug
b, = B, +u,

As described in Sections 1.7 and 1.8, the covariance matrix of level-2 residuals (U,,,U;,) is denoted by

®,, and the variance of level-1 residuals by @, or o’.

The syntax to fit the above model to the PSA data is contained in the file prostat2.pr2.

OPTI ONS OLS=YES CONVERGE=0. 001000 MAXI TER=10 QUTPUT=STANDARD ;
TI TLE=;

SY=PROSTATE. PSF;

I D1=I D1 ;

I D2=1D2 ;

RESPONSE=PSA ;

FI XED=I nt cept Month ;

RANDOML=I nt cept ;
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RANDOWR=| nt cept Month ;
M SSI NG_DAT=- 9. 0;

The program took six iterations to achieve convergence. A part of the output file prostat2.out is given

below.

(i) Fixed part of the model

| TERATI ON NUMBER 6
oo e e oo +
| FI XED PART OF MODEL |
o e e e e —eaooo +
COEFFI Cl ENTS BETA- HAT STD. ERR Z- VALUE PR > | Z|
I nt cept 31.93378 0.57101 55. 92473 0. 00000
Mont h -0.74214 0. 01861 - 39. 86913 0. 00000

The estimated population intercept and slope are 31.934 and -0.742 respectively. Both these coefficients

are highly significant.

(i)-21nL

-2 LOG LI KELI HOOD = 2008. 60062393131

(iii) Random part of the model

S +

| RANDOM PART OF MODEL |

E +
LEVEL 2 TAU- HAT STD. ERR Z-VALUE PR > | Z|
Intcept /Intcept 30. 89912 4.61240 6. 69914 0. 00000
Mont h /1 nt cept 0. 30243 0.10758 2.88119 0. 00494
Mont h / Mont h 0. 00392 0. 00539 0.72798 0. 46663
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LEVEL 1 TAU- HAT STD. ERR Z-VALUE PR > |Z

I ntcept /Intcept 2. 28753 0. 20830 10. 98199 0. 00000

LEVEL 2 COVARI ANCE MATRI X

I nt cept Mont h
I nt cept 30. 89912
Mont h 0.30243 0. 00392

LEVEL 2 CORRELATI ON MATRI X

I nt cept Mont h
I nt cept 1. 0000
Mont h 0. 8685 1. 0000

LEVEL 1 COVARI ANCE MATRI X

I nt cept
I nt cept 2.28753

LEVEL 1 CORRELATI ON MATRI X

I nt cept
I nt cept 1. 0000

Example 2.2: Association between age and initial status

The investigators believe that a subject’s age is associated with initial status, such that younger subjects
have lower overall PSA levels. If this is true, then age should account for some of the differences in

intercept that are evident in Figure 2.2.
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Figure 2.2: Regression lines for cases 1to 5 of PSA on months
Age was recorded for each subject at the beginning of the experiment. It is known as a time-invariant
covariate because, even though subjects get older over the course of the study, age at intake obviously

does not change.

Consider the model
PSA; =by, +b,Month; +e;,
where

b, =B, +Y Age; +Uj,
by, = B,.

The above model implies that the random intercepts are specified to be a linear function of age.

The question as to whether age affects the initial PSA levels centers on the value of Y :
« If y =0, then there is no association between age and PSA level at the start of the study.

« If y #0, then age is associated with initial PSA level.
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The value of biochanges ¥ units for every increase of one year in age. Substituting the individual

intercept into the overall regression, the following is obtained
PSA; = (B, +y AGE; +u,;) + B, Month; +¢;

Syntax to fit the above model to the data is contained in prostat3.pr2, which is shown below.

OPTI ONS OLS=YES CONVERGE=0. 001000 MAXI TER=10 OUTPUT=STANDARD ;
TI TLE=Treat nent of prostate cancer using age as covari ate;
SY=PROSTATE. PSF;

| D1=I D1 ;

| D2=ID2 ;

RESPONSE=PSA ;

FI XED=I nt cept Month Age ;

RANDOML=I nt cept

RANDOMVR=I nt cept ;

M SSI NG_DAT=- 9. 0;

Output is contained in the file prostat3.out. It took three iterations for the estimated parameter values to

attain convergence. The last part of the output file is shown below.

(i) Fixed part of the model

| TERATI ON NUMBER 3

o e +

| FIXED PART OF MODEL |

oy +
COEFFI Cl ENTS BETA- HAT STD. ERR Z- VALUE PR > | Z]|
I nt cept 16. 70075 3. 94638 4.23192 0. 00002
Mont h -0. 74365 0.01785 -41. 66932 0. 00000
Age 0.27513 0. 07045 3. 90535 0. 00009

A N

From the fixed part of the model it follows that [3,=16.701, [3,=-0.744 and Yy =0.2751.
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(i) -2 In L

-2 LOG LI KELI HOOD = 2003. 75379196716

(iii) Random part of the model

E +
| RANDOM PART OF MODEL |
S +
LEVEL 2 TAU- HAT STD. ERR Z-VALUE PR > | Z|
I ntcept /1ntcept 30. 06890 4.33279 6. 93984 0. 00000
LEVEL 1 TAU- HAT STD. ERR Z-VALUE PR > | Z|
Intcept /Intcept 2.37335 0. 18393 12.90344 0. 00000

From the random part of the model it follows that @, =Var(u,)=30.0689, while

o? =Var(e;) =2.37335.

Example 2.3: Correlation between Age and the intercept

Suppose that an estimate of the correlation between bi0 and the age of a subject at commencement of

the study needs to be obtained. This estimate could indicate to what extent the initial value of PSA is

influenced by a subject's age.

The trick to obtaining such an estimate is to add age to the list of dependent variables and to define a

third fixed parameter, L, , as the mean of age, and the associated random term as the deviation score.
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Let

Age = U, +a

where @, has mean zero and variance Var(a, ).

The vector of responses and the design matrix for the fixed effects is coded as follows:

;0
E‘D O
2i[]
Yy -EP“B
| BDMD
0,0
Hhgl
BAD
and
1
2
X =

~

(2]

o XXX XX
P O OO o o

where P denotes PSA, M denotes month and A age (in years).

Denote the columns of X; by PSA_lcpt, Month and AGE_Icpt respectively. If the coefficients of PSA_lcpt

and AGE_Icpt are allowed to vary randomly across individuals, qD(Z) will have the following structure:

_ O Var(uy) O
@~ Eov(a,u,) Var(a)d

The revised data set is named pros_age.psf, and the first 10 observations are shown below.
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B® PROS_AGE.PSF _ O] x|

ID1_| Psa | Psa_lcpt| Month | Age_lcpt | Intcept |

1 1.000 30.400 1.000  0.000 0.000 1.000 =

2 2.000 28.000 1.000  3.000 0.000 1.000 —
3 3.000 26.900  1.000  6.000 0.000 1.000
4 4.000 25.200 1.000  9.000 0.000 1.000
5 5.000 19.600  1.000 12.000 0.000 1.000
B 6.000 69.000  0.000  0.000 1.000 1.000
7 1.000 27.800  1.000  0.000 0.000 1.000
8 2.000 26.700  1.000  3.000 0.000 1.000
g 3.000 20.500 1.000  6.000 0.000 1.000

10 4.000 18.700  1.000  9.000 0.000 1.uu|]4|;1

To run the analysis, open the file prostat4.pr2 and click the Run PRELIS icon. The command file is

shown below.

OPTI ONS OLS=YES CONVERGE=0. 001000 MAXI TER=10 OUTPUT=STANDARD ;
TI TLE=Prostrate Data: Correl ati on between Age and | ntcept;
SY=PROS_AGE. PSF;

| D1=I D1 ;

| D2=1 D2 ;

RESPONSE=PSA ;

FI XED=PSA I cpt Month Age_lcpt ;

RANDOML=I nt cept ;

RANDOMR=PSA | cpt Age_lcpt ;

M SSI NG_DAT=- 9. 0;

Output is written to the file prostat4.out. Convergence was attained in four iterations and partial output is

given below.

(i) Fixed part of the model

Prostrate Data: Correl ation between Age and I ntcept

| TERATI ON NUMVBER 4

o e +

| FIXED PART OF MODEL |

oy +
COEFFI Cl ENTS BETA- HAT STD. ERR Z- VALUE PR > | Z|
PSA_I cpt 31. 95664 0. 60429 52. 88435 0. 00000
Mont h -0. 74365 0.01785 -41. 66992 0. 00000
Age_| cpt 55. 45000 0. 78567 70. 57684 0. 00000
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From the output above, it is seen that all the estimated fixed coefficients are highly significant. Note that

the value of the age intercept is merely the average age of the subjects, and one would expect this value

to be significantly different from zero.

(i)-21nL

-2 LOG LI KELI HOOD = 2699. 81445308000

(iif) Random part of the model

S +
| RANDOM PART OF MODEL |
E +
LEVEL 2 TAU- HAT STD. ERR Z-VALUE PR > | Z|
PSA | cpt/ PSA | cpt 34.74141 4.99365 6. 95740 0. 00000
Age_l cpt/ PSA | cpt 16. 98300 4.96777 3.41864 0. 00063
Age_| cpt/ Age_l cpt 59. 35415 8. 73152 6. 79768 0. 00000
LEVEL 1 TAU- HAT STD. ERR Z-VALUE PR > Z]
I ntcept /1ntcept 2.37335 0.18393 12. 90338 0. 00000

LEVEL 2 COVARI ANCE MATRI X

PSA | cpt Age_I cpt
PSA | cpt 34.74141
Age_| cpt 16. 98300 59. 35415

LEVEL 2 CORRELATI ON MATRI X
PSA Icpt Age_lcpt
PSA | cpt 1. 0000
Age_| cpt 0. 3740 1. 0000

LEVEL 1 COVARI ANCE MATRI X

I nt cept
I nt cept 2.37335
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LEVEL 1 CORRELATI ON MATRI X

I nt cept
I nt cept 1. 0000

From the level-2 part of the model, the estimated correlation between age and the intercept is found to be
0.37. Since the covariance between the PSA-intercept and the age-intercept is significant, it can be

concluded that there is a significant relationship between the age of a subject and the PSA level.

Example 2.4: A structural equation model for finding the correlation between AGE and the PSA

intercept

Denote the PSA level measured at occasion 1 by PSA1, etc. To obtain a structural equation model for the
prostate cancer data, the sample covariance matrix and the means of the variables PSAl, PSA2, ...,
PSA5 and AGE must be calculated. In order to obtain these sample statistics, the following steps are

required:

e Creation of a data set with the variables PSAL, PSA2, ..., PSA5 and AGE as columns and the 100
subjects as the rows.
« Use of data imputation to replace missing values where possible.

e Calculation of covariances and means using the listwise deletion option.
To accomplish these objectives, select pros_age.psf from the File, Open menu. When this data set is

displayed in spreadsheet format, click the Data, Define Variables option and ensure that the No missing

values option is selected and that no numeric values appear in any of the edit boxes.
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Define Yariables

D2

D1

P5A
PSA_lcpt
Month

AEE I-::it

Mizzing Yalues for Intcept .

* ‘Mo mizzing values:

" Mizssing values

Rename |

Yaniable Type

28.1
26.!
2h.;

19.1
ca

Category Labels |

Mizzing ¥alues |

Cancel |

L High
ow |:| '0 I:I I_Appl_lrl to all

= Global miszing value |-EI.I]I]I]I]I]| | | | |

Low

I Deletion methods:

i Liztwize

[ JHion| ]

" Pairwise

Once this is done, select the Output Options item from the Statistics menu. Click the Save the

transformed data to file: check box and enter the name psa_var.dat. Click OK and return to the Select

Variables screen. Click Run. The data file psa_var.dat contains one column and 600 rows of numeric

values (-9.0 denotes a missing PSA data value). Each set of six consecutive values is the PSA1 to PSA5

and AGE values for a particular subject.

Output

Moment Matrix

=l

[T Save to file: [ LISREL spstem data

| Mone Selected

—Data
[¥ Save the tranzformed data to file:

|psa_var.dat |

Width of fields:

B

Mumber of decimals:

~Means
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From the File menu select the Import Data in Free Format option and from the Open Data File menu

select the file psa_var.dat.

## Open Data File

i S

[psa_var_dat B 'fi}aétﬂﬂ‘ﬁ\ﬁ_’“«étﬁ‘ _‘— =

: prostate_dat = SR EN =

Bza e dat - | {4 oct39ws PP |
B Z5 prostate S

List files of type: ] ,
“|Free Format Data [‘.dat]j :I = F ﬂ

‘Dnves:

Enter the number of variables (six in this case) and click OK when done.

Enter Humber of Yariables

Humber Cancel

Ll

A PRELIS spreadsheet will be displayed. Use the Data, Define Variables menu to rename the variables
from the default VAR1, VAR2, ..., VAR6 names to those shown below. Also, ensure that all variables are

defined as continuous.

¥ Psa_vAR PSF

PSAl psa2 | Psa3 | psaa | pPsas | AGE |
28.00 26.90 25.20 19.60 69.00

27.80 26.70 20.50 18.70 18.80 58.00
26.60 21.80 17.80 17.90 14.50 53.00
24.80 24.50 20.20 19.80 18.80 61.00
33.70 30.30 25.40 27.30 20.10 63.00
26.50 24.60 20.90 -9.00 18.90 49.00
26.20 24.40 21.80 22.20 18.40 63.00
24.80 19.50 18.00 16.10 12.50 49.00
28.40 -9.00 22.50 19.40 22.90 63.00
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Again, from the Data, Define Variables menu select the Missing Values option and enter -9.0
in the Global missing value box. Click OK to return to the Define Variables screen. Click the

OK button to return to the main menu.

Define Yarniables

Mizzing Yaluesz for AGE __.

The next step is the data imputation. From the Statistics menu, select Impute Missing

Values....
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Use the Impute Missing Values screen to add all the variables to both the Imputed variables: and
Matching variables: list boxes. Once this is done, click the Output Options button and select

Covariances as the Moment Matrix. Also, select the LISREL system data option.

Impute Mizzing Yalues | x|
Imputed vanables:
P5A1
Add >> | PSAZ
P5A3
P5A4
<< Hemove | PSAS
AGE
M atching variables:
P5SA1
P5A2
P5A3
<< Hemove | Egig
AGE
Yariance ratio .
Output Options |
& Ligt all
L ) )
Lizt only successful imputations Syntax |
" Skip the entire listing of cases
Cancel | Aun |

A portion of the output file is displayed below. After data imputation, the effective sample size is 89.

P5A_VAR OUT

Total Sample Zize = 100
Mumber of Missing Yalues n] 1 = 3
Mumber of Cases &89 n] 9 [=

Listwise Deletion
Total Effective Zample Zize = a9

Univariate Summary Ztatistics for Continuwous Yariables

Wariable Mean =Et. Dew. T-%alue ZEkewness Kurtosis
PS4l 31 . 515 5.8148 51 .103 Oo.0u9" -0.89k
F=ad 29.4k9 5.8448 y7.542 -O.0ve -0.721
FEA3 27.029 5.941 42 .921 —-0.24y -1.02k
FEaY 24 . 934 L.277 37.479 -0.252 -1 .23y
FEAg 22 . 751 L.3ua 33 .82 -0.23k -1.07k

LisE 55.3k0O 7.9919 k5 .29 -0.293 -0.2a83

The SIMPLIS input file pros_age.spl is shown below. Note that the variances of PSA1l to PSA5 are
constrained to be equal. Furthermore, the variance of AGE is set equal to zero to ensure that the variance

parameter of age_icpt is identified.



Estimation of the correlation between intercept for PSA and intercept for AGE
SystemFile FromFile psa_var. dsf

Latent Variables psa_icpt nonth age_icpt

Rel ati onshi ps

PSA1 = 1*psa_icpt 1*nonth
PSA2 = 1*psa_icpt 2*nonth
PSA3 = 1*psa_icpt 3*nonth

PSA4 = 1*psa_icpt 4*nonth
PSA5
AGE
psa_i cpt nonth age_icpt = CONST

Equal Error Variances: PSAl - PSA5

Set the error Variance of AGE equal to zero

1*psa_icpt 5*nonth

1*age_i cpt

Path Di agram

Iterations = 250

Met hod of Estimation: Maxi mum Li kel i hood
End of Problem

From the path diagram shown below, the estimated correlation between age_icpt and psa_icpt is equal to

17.26

129.21x63.98

=0.40.

The path diagram also displays the goodness of fit chi-square statistic and corresponding p-value. From

these values and the value of the RMSEA we conclude that the model fits the data quite well.
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. g3 Pinl
1.00
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140
T
R — 3700 17.26
1.00
LSS N ]
2 . gn—i= PoAd E @o -0_52
—E53.9
i ]
1.00
0.00 AGE

Chi-Sgquare=19.22, df=17, P-wvalue=0.3162Z9, BFM3IEA=0.038

By selecting the Mean Model from the Typebar, Toolbar (the Toolbar is just below the run LISREL and

PRELIS icons) the estimates of the fixed effects are displayed.

o.oo Pifl
0.00 Fiii2 ._33- e
Q.00 PiAd

—-z_Z1
o.oo PiAd

—EE._ 36
0. 00 Piah
o.oo AGE

Chi-Sguare=19.,22, df=17, P-wvalue=0.316Z9, RMIEA=0.038

From the path diagram for the Mean Model the values of 33.76 and 55.36 are obtained for the estimated
PSA and AGE intercepts respectively, and a value of -2.21 for the slope (the month coefficient). Note that

the estimated value of the age_icpt coefficient is equal to the sample mean for the variable AGE.
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Example 2.5: Use of the FIXVAL, COVNnPAT and COVnVAL statements

In this example, the use of the FIXVAL, COVnPAT and COVnVAL statements of the multilevel module to
fit the model described in Example 2.4 to the prostate cancer data is illustrated.

The input file prostat5.pr2 is shown below.

OPTI ONS OLS=NONE CONVERGE=0. 001000 MAXI TER=20 OUTPUT=STANDARD ;
TI TLE=Prostrate Data: Correl ati on between Age and | ntcept;
SY=PROS_AGE. PSF;

| D1=I D1 ;

| D2=1 D2 ;

RESPONSE=PSA ;

FI XED=PSA | cpt Month Age_lcpt ;
FI XVAL=

33.76 -2.21 55. 36 ;
RANDOML= PSA I cpt Age_lcpt;
COV1VAL= 2.3 0 0.00071;
COVIPAT =1 0 O0;
RANDOVR=PSA | cpt Month Age_lcpt;
M SSI NG_DAT=- 9. 0;

The fixed parameter estimates from the previous analysis are used as initial estimates via the FIXVAL
statement. Since these estimates are available, the OLS option was set equal to NONE. In order to set
the variation of the Age_Icpt coefficient equal to zero, the COV1VAL statement is used and a value of
0.0001 is entered to indicate that this variance is practically zero. To fix this value at 0.0001, the
COV1PAT statement is used. The values 1, 0 and O indicate that only the variance of the PSA lIcpt

coefficient is allowed to be free.

A portion of the output file is shown below.

(i) Data Summary:

o +
| DATA SUMVARY |
e e - +

NUVMBER OF LEVEL 2 UNITS : 100

NUMBER OF LEVEL 1 UNITS : 533

N2

NL 6
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N2 9 10 11 12 13 14 15 16
N1 5 5 5 5 5 6 4 3

Details are shown for the first 16 subjects. The number of available measurements per subject varies
from three to the maximum of six. This implies that the number of available PSA measurements varies
from two to five, owing to the fact that AGE records are complete and that AGE is regarded as the sixth

measurement.

(ii) Fixed part of the model:

o e +

| FIXED PART OF MODEL |

oy +
COEFFI Cl ENTS BETA- HAT STD. ERR Z- VALUE PR > | Z|
PSA | cpt 31. 93422 0.57175 55. 85377 0. 00000
Mont h -0. 74156 0.01882 -39. 41243 0. 00000
Age_| cpt 55. 45000 0. 78567 70. 57678 0. 00000

The estimated population parameters differ slightly from those reported in Example 2.5. These differences
can be attributed to the fact that only the 89 complete records available after imputation were used in the

previous example.

(i) -2 In L

-2 LOG LI KELI HOOD = 2684. 82196668248
(iv) Random part of the model:

LEVEL 2 CORRELATI ON MATRI X

PSA | cpt Month  Age_l cpt
PSA | cpt 1. 0000
Mont h 0. 7555 1. 0000
Age_I cpt 0.4081 -0.2849 1. 0000
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LEVEL 1 COVARI ANCE MATRI X

PSA | cpt Age_| cpt
PSA | cpt 2.27349
Age_| cpt 0. 00000 0. 00010

The estimated correlation coefficient of 0.408 between Age Icpt and PSA lIcpt is close to the

corresponding value obtained in Example 2.4. A similar observation is made concerning the estimated

value of the level-1 variance.
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3. A growth curve model for Hayashi's Japanese girls data

3.1 OLS Regressions

To illustrate the differences between ordinary least squares regression models (OLS) and multilevel

random coefficient models (MRCM), consider the data set shown in Table 3.1.

This data set contains repeated measurements made on 32 Japanese girls over a period of nine years. In
Table 3.1, the data for the first girl are shown. The first value in each row is the subject number, the
second value the age (in years) at which the measurement was made, and the next four values are

various anatomical measurements. A full description of the data are given in Hayashi, 1982.

Table 3.1: Anatomical measurements of 32 Japanese girls over nine years

Girl Time | Length | Weight | Chest | Crown
1 6 1204 215 560 664
1 7 1262 244 590 694
1 8 1322 282 600 703
1 9 1387 326 625 731
1 10 1454 385 660 758
1 11 1540 415 685 806
1 12 1584 446 730 845
1 13 1610 495 728 863
1 14 1633 516 763 873

In the examples to follow, a number of alternative analyses for this data will be considered. In this section,

the change in chest measurements over time is studied.

An ordinary least squares regression line was fitted to the data of each girl. The OLS model can be

written as

Yi :ﬁo +B1tj +ﬁ2tj2 +ej,j =12,...,9,
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where Y is the chest measurement at occasion j, Bo and ﬁl denote intercept and slope respectively,

ﬁz the slope of the quadratic term, '[j the occasion of measurement j, and g the error term.

The results of the OLS regressions are summarized in Table 3.2 and selected regression lines are plotted

in Figure 3.1.

Table 3.2: OLS curves for 32 Japanese girls

Girl Regression coefficients R2
Intercept Time Timesq
1 418.606 22.203 0.17316 0.98423
2 98.212 103.664 -3.79654 0.98288
3 504.955 -0.209 1.61797 0.98318
4 550.439 -8.223 1.94697 0.99332
5 -71.409 129.235 -4.81926 0.98181
6 268.924 47.892 -0.62879 0.96953
7 186.758 68.800 -1.85498 0.95120
8 584.591 -17.798 2.51407 0.98412
9 498.455 -5.402 1.55844 0.98203
10 561.848 -12.358 2.26623 0.96189
11 460.121 15.307 0.36797 0.92232
12 618.152 -24.980 2.49567 0.99549
13 361.682 32.311 -0.03139 0.98028
14 432.939 11.942 1.07792 0.96920
15 489.455 4.726 1.15368 0.98151
16 543.682 -19.032 2.32576 0.91167
17 577.136 -12.786 1.93182 0.96016
18 617.318 -25.978 3.03139 0.97081
19 254.939 90.146 -3.51732 0.89086
20 451.939 10.623 0.95887 0.93388
21 564.667 -7.010 1.35714 0.95570
22 437.470 8.895 1.14610 0.99626
23 504.788 -1.297 1.79654 0.97907
24 640.667 -23.333 2.33333 0.96083
25 391.561 20.361 0.79113 0.96967
26 462.409 16.341 1.46212 0.98481
27 427.879 10.045 1.08442 0.99023
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28 655.545 -36.474 2.79879 0.91285
29 626.394 -31.584 2.94589 0.97717
30 395.152 20.220 0.32900 0.96681
31 330.909 30.972 0.25974 0.95828
32 671.606 -44.177 4.29221 0.98861

oLs curves for girls 2,5,28,32

1000

900

800

F00

P Y

600
500

400

300
| | | | | | | | | T | |

4 5 [ T 8 9 10 11 12 13 14 15
time

dotted line: individual girls
golid line: total group

Figure 3.1 Selected OLS curves for growth data

From Table 3.2 and Figure 3.1 it is apparent that there is substantial variation over the intercepts and
slopes. Intercepts ranged between -71.409 (girl number 5) and 671.606 (girl number 32), while the
coefficient for Time ranged between -44.177 (girl number 32) and 129.235 (girl number 5). The
coefficients for Timesqg had a minimum value of -4.819 (girl number 5) and a maximum value of 4.292 (for

girl number 32). For the total group, the intercept was estimated at 453.681, the coefficient for Time at

11.661 and the coefficient for Timesq at 0.9178. The R2 for the line fitted to the total group was 0.73036.
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3.2. Linear Growth Curve for Hayashi's Data

To distinguish between OLS and MRCM, the intercept-and-slope multilevel random coefficient model is

defined as
_ 2
Yii =b, +biltij +bi2tij *€,

where the coefficients b, and b, are assumed to be random variables. The subscript i denotes girl i and

the subscript j the j -th occasion. It is further assumed that each of the random variables can be written in

the form of a regression equation, for example

b, = B, Ui
b, =B, +u,.

In the set of equations given above it is assumed that (U,,,U;, ) are multivariate normal with mean (0,0)

and covariance matrix

_ DO var(ug)  cov(Ug, Uy )0
@~ Hov(uy,U,)  var(uy,) O

and that the (U,,,U;, ) are independently distributed from the error term €. which has a normal (0, ®))
distribution. [3,and 3, are referred to as the fixed part of the model and ®, and @, as the random

part of the model.

Example 3.1: A 2-level intercept-and-slopes model

In this example the 2-level MRCM described above is fitted to the Japanese girls data set. It is assumed
that an intercepts-and-slopes model will provide an adequate description of the within and between girls

variation of the chest measurements. In this example, only linear growth will be considered. The model

Yi = by, +bi1tij +€,
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will be fitted, with

b, = B, +Uj
b, = B, +u,.

The first 10 lines of the PRELIS data set japan.psf are shown below. Note that Time = 1 corresponds to

a six-year-old girl, time = 2 to a seven-year-old girl, etc..

E8 JAPAN PSF [_ (O] x]
ident? ident] 5 length 5 weight E chest 5 Crown 5 time gcunslantl timesqg I

1 000 1.000 1204.000 215.000 560.000 664.000 1.0000 1.000 1.000 |

2 1.000 2.000 1262.000 244.000 590.000 694.000 2.000 1.000 A.000 _
3 1.000 3.000 1322.000 282.000 GOD.0DD 703.000 3.000 1.000 9.000
4 1.000 4.000 1387.000 326.000 625.000 731.000 4.000 1.000 16.000
5 1.000 L.000 1454.000 385.000 G60.000 75B8.000 L.000 1.000 25.000
[} 1.000 6.000 1540.000 415.000 6G85.000 BO06.000 6.000 1.000 36.000
7 1.000 7.000 1584.000 446.000 730.000 845.000 7.000 1.000 49.000
8 1.000 8.000 1610.000 495.000 7¥28.000 B63.000 §.000 1.000 64.000
q 1.000 9.000 1633.000 516.000 7¥63.000 873.000 9.000 1.000 &1.000

10 2.000 1.000 1203.000 218.000 GOD.00DD G675.000 1.0000 1.000 1.000 &

o | o

The variables Ident2 and Identl identify the girl and the observations for each girl. Length, Weight, Chest

and Crown represent the measurements at each occasion, Time and Timesq represent the linear and

quadratic terms for occasion of measurement, and Constant denotes the intercept.

The input syntax given in the PRELIS command file japan.pr2 is as follows:

OPTI ONS COLS=YES CONVERGE=0. 001000 MAXI TER=10 OUTPUT=STANDARD ;

TI TLE=Growt h curve for
SY=JAPAN. PSF;

| D1=i dent 1 ;

| D2=i dent 2 ;
RESPONSE=chest ;
FI XED=const ant
RANDOML=const ant
RANDOWR=const ant

Hayashi dat a;

time ;

time ;

Partial output from japan.out is given below.
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oo +
NUMBER OF LEVEL 2 UNITS : 32

NUVMBER OF LEVEL 1 UNITS : 288

N2

N1 9

N2 10 11 12 13
N1 9 9 9 9
N2 17 18 19 20 21
N1 9 9 9 9 9
N2 25 26 27 28 29
N1 9 9 9 9 9

The data summary section contains information on the number of units at the different levels of the
hierarchy. It can be concluded that there were nine measurements (level-1 units) for each level-2 unit, the

level-2 units being the 32 girls. This data set is thus perfectly balanced. One of the advantages of

14

22

30

15

23

31

16

24

32

multilevel modeling is that a perfectly balanced design is not a prerequisite for analysis.

This part of the output is followed by details of the fixed part of the model, the -2 log likelihood function
value and the estimates of the random components (the variances and covariances of the random

coefficients).

(i) Fixed part of the model

| TERATI ON NUMBER

const ant

tinme

2

518. 10243
30. 01563

6. 81489
1. 03709

76. 02503
28. 94216

0. 00000
0. 00000

From the fixed part of the model it follows that both coefficients are highly significant.
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(i) -2 In L

-2 LOG-LIKELIHOOD =  2736.18244388547

A -2 log likelihood value (the so-called deviance statistic) of 2736.1824 is obtained.

(iii) Random part of the model

o e e e eeaeaaa +

| RANDOM PART OF MODEL |

S +
LEVEL 2 TAU- HAT STD. ERR Z- VALUE PR > | Z|
const ant/ const ant 1243. 17948 372. 25087 3. 33963 0. 00084
time / const ant -29. 36322 41. 89217 -0. 70092 0. 48335
time /tinme 26. 74444 8. 63494 3.09724 0. 00195
LEVEL 1 TAU- HAT STD. ERR. Z- VALUE PR > | Z|
const ant/ const ant 460. 40010 43. 50372 10. 58301 0. 00000

LEVEL 2 COVARI ANCE MATRI X

const ant tinme
const ant 1243. 17948
tinme -29. 36322 26. 74444

LEVEL 2 CORRELATI ON MATRI X

const ant time
const ant 1. 0000
tinme -0.1610 1. 0000
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LEVEL 1 COVARI ANCE MATRI X

const ant
const ant 460. 40010

LEVEL 1 CORRELATI ON MATRI X

const ant
const ant 1. 0000

There is significant variation in the intercept and in the slope of the linear variable (Time) over the 32 girls.
Most of the variation is in the intercept, which indicates the chest measurement of girls at Time = 0, that
is, at age five. There is, however, considerable variation in the rate of growth, as indicated by the

significant variance component of 26.744 for Time.

Example 3.2: Including a quadratic term in the growth curve

The model fitted in Example 3.1 is now extended to make provision not only for the rate of growth but also
for the acceleration in growth, as represented by the variable Timesq in the PRELIS data set japan.psf.

The model first discussed in Section 3.1 is now fitted to the data:

— 2
Yi =by +bi1tij +bi2tij +€;,

where b, = B, +u, ,k =0,1,2.

The contents of the PRELIS command file japan2.pr2 are shown below.
OPTI ONS OLS=YES CONVERGE=0. 001000 MAXI TER=10 OUTPUT=ALL ;
TI TLE=Growt h curve for Hayashi data non-linear growth curve;
SY=JAPAN. PSF;
| D1=i dent1 ;
| D2=i dent 2 ;
RESPONSE=chest
FI XED=const ant tine tinmesq;
RANDOML=const ant ;

RANDOWVR=const ant time timesq;
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Partial output from the file japan2.out is as follows:

(i) Fixed part of the model:

| FIXED PART OF MODEL |

gy +
COEFFI Cl ENTS BETA- HAT STD. ERR. Z- VALUE PR> |Z
const ant 534. 92783 5.76516 92. 78637 0. 00000
time 20. 83814 3. 53969 5. 88699 0. 00000
timesq 0.91775 0. 35106 2.61421 0. 00894
(i) -2 In L:
o e +
| -2 LOG LIKELI HOOD |
oy +
-2 LOG LI KELI HOOD = 2663.47678201485

(i) Random part of the model:

e m e e e e e eeeo oo +
LEVEL 2 TAU- HAT STD. ERR Z- VALUE PR > | Z|
const ant/ const ant 591. 71638 270. 22233 2.18974 0. 02854
time / const ant -90. 69153 127. 80375 -0.70962 0. 47794
tinme /[tinme 301. 45804 100. 74831 2.99219 0. 00277
timesq /constant 7.27857 12. 37611 0.58811 0. 55646
timesq /tinme - 28. 58268 9. 77646 -2.92362 0. 00346
timesq /timesq 2.99756 0. 99067 3. 02578 0. 00248



LEVEL 1 TAU- HAT STD. ERR. Z-VALUE PR > |Z

const ant/ const ant 291. 44790 29. 74578 9. 79796 0. 00000

There is significant variation in the intercept and in the slopes of both the linear and quadratic variables
(Time and Timesq) over the 32 girls. Most of the variation is in the intercept, which indicates the chest
measurement of girls at Time = 0, that is, at age five. There is a considerable variation in the rate of
growth, as indicated by the significant variance component of 301.45804 for Time. The coefficient for

growth acceleration, Timesq is also significant but considerably smaller.

Example 3.3: Hypothesis testing

To test the hypothesis that the model discussed in Example 3.2 fits the data better than the intercept-and-
slope model of Example 3.1, calculate the difference between the -2 In L value obtained for the model in
Example 3.1 and the - 2 In L value obtained in Example 3.2. It can be shown that this difference

2736.1824 - 2663.4768 = 72.7056,

has a )(2 distribution with 10 - 6 = 4 degrees of freedom. The degrees of freedom is the difference in the
number of parameters estimated in the two examples. Since the p-value for this test is smaller than 0.01,
it is concluded that the model described in Example 3.2 provides a better description of the data than the

model fitted in Example 3.1.

Example 3.4: Empirical Bayes estimates and residuals

In the previous example, the model

— 2
Yi =by +bi1tij +bi2tij +€;,

was considered, where

b = B,y +Uj
b, =B, +u,
b, =B, +Up,.
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Estimates of the fixed coefficients are given in the output file in the previous section. Table 3.3 contains

the estimated parameters of these coefficients.

Table 3.3: Estimated parameters for non-linear model fitted to Japanese girls data

Coefficient Estimate
B, 534.92783
B, 20.83814
B, 0.91775

By specifying OUTPUT = ALL in the OPTIONS paragraph of the syntax file, the program produces a file

japan2.ba2 containing the empirical Bayes residuals (the estimated values of U,, U, and U,

respectively) and their variances, as well as a file japan2.res containing the differences between the

observed and predicted chest measurements of the girls.

The empirical Bayes residuals and variances for girls number 2, 5, 28 and 32 are given in Table 3.4
below.

Table 3.4: Empirical Bayes residuals and variances for selected girls

Girl number Residual Variance Predictor

2 1.0760 (U,) 247.02 intcept
2 36.004 (u,) 55.634 time

2 -3.7888 (U,) 0.57238 time_sq
5 -36.734 (U,) 247.02 intcept
5 39.574 (U,) 55.634 time

5 -3.8201 (U,) 0.57238 time_sq
28 -2.3381 (U,) 247.02 intcept
28 -25.188 (U,) 55.634 time

28 1.5859 (U,) 0.57238 time_sq
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32 10.872 (U,) 247.02 intcept

32 -13.839 (U,) 55.634 time

32 2.4354 (U,) 0.57238 time_sq

Using the results of Tables 3.3 and 3.4 expected values for girl number 2 are obtained using the following

equation:

y = (534.92783+1.0760) + (20.83814+36.004) *time + (0.91775-3.7888)*time_sq .

Similarly, for girl number 5:

y = (534.92783-36.734) + (20.83814+39.574) *time + (0.91775-3.8201)*ime_sq .

Shown below are the observed values, predicted values and residuals (e;) for girl number 2 contained in

japan2.res. The first column is the observation number, followed by the girl number and the level-1 ID.

Columns 4, 5 and 6 are the observed, predicted and residual values respectively.

10 2 1 600. 00 556. 68 43. 316
11 2 2 618. 00 580. 28 37.725
12 2 3 680. 00 605. 70 74.298
13 2 4 720. 00 632. 96 87.036
14 2 5 759. 00 662. 06 96. 938
15 2 6 790. 00 693. 00 97. 004
16 2 7 800. 00 725.76 74.236
17 2 8 800. 00 760. 37 39.631
18 2 9 802. 00 796. 81 5.1913

In Figure 3, the residuals for all Japanese girls are plotted by observation number.
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Figure 3.2: Plots of residuals by observation number

Example 3.5: Structural equation growth curve model

It is relatively straightforward to fit a structural equation growth curve model to the Japanese girls data.
This is due to the fact that there is an equal number of repeated measurements on each of the dependent
variables for each girl. For illustrative and comparison purposes, consider the dependent variable Chest.
To use LISREL or SIMPLIS to fit the structural equation models it is necessary to re-arrange the data in

the following manner

Chestl Chest2 Chest3 Chest4 Chestb Chest6 Chest7 Chest8 Chest9

Girl 1 560 590 600 625 660 685 730 728 763
Girl 2 600 618 680 720 759 790 800 800 802
Girl 32 558 580 590 615 670 690 781 805 900
Chestl, Chest2, . ... Chest9 denotes the nine consecutive chest measurements for the 32 girls. To

obtain a .psf file that follows the above layout, proceed as follows:
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Use the File, Open model option to select and display japan.psf. From the Data menu choose the

Select Variables ... option.

[AEIEW Transformation  Statistice  Graphs  Multilevel Modelz

EEIELE

Define Yaniables ..

Inzert Wanable
Inzert Cazes
[relete Yarabls
Welete Base

From the Variable List:, click on Chest and then click on the Select >> button to enter it in the Selected

Variables list box.

Select a Subset of ¥ariables

Yarable List: Selected ¥Yariables:

ident?2 chest
ident1
length

weight

Crown
time
constant

timesq << Bemove |

Cancel Output Optionsz Syntax Hun

To zelect more than one variable at a time_hold down the
CTRL key while clicking on the variables to be selected

Once this is done, click on Output Options to activate the Output option screen. From this screen, select
Moments about Zero, Click the Save the transformed data to file: check box and enter chest.raw as

illustrated below.
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Note: Moments about Zero is selected otherwise PRELIS may terminate with an error message

indicating that the variance of the intercept variable is zero.

T

— Moment M atrix —Data
| Moments about Zero j| ¥ Save the ranzformed data to file:
[” Save to file: [ LISREL system data |chest.raw |
| | Width of fields: [15 |
— Means Humber of decimals: IZI
[ Save to file:
| | Humber. of repetitions: |:|

" | Bewind| data after each repetition

Click the OK button on the Output options screen to return to the Select a Subset of Variables screen.
Click the Run button to create the file chest.raw. Note that chest.raw contains the chest measurements
stacked in one long column, where the first nine rows are the measurements for girl number 1, and so on.

To create a *.psf file, select the Import Data in Free Format option from the File menu.

Edit Optionz  ‘Window Help
Mew
Open...

=

Impart Data in Eree Format
Impart External Data in Other Formats

Cloze

Save

Save bz,

it LIS EEL 5
i EEELE E

Coryert Output bo BTF
Cotweert Output bo T es
Corvert Output to HTH

Brrirt... Ctrl+P
Print Prewisw
Print Setup...

Select the drive and directory where the file chest.raw is located and click OK when this task is

performed.
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Dpen Data File
File name: Eolders: 0k,
Iu:hest.Fl.-’-‘-.W f:Afillahdatasetshjapan -

Cancel
- [ ;I —I
(= TILLA Metwork... |
[= DATASETS
B APAM
Lizt files of type: Dirives:
Free Format Data [”.rawj I = f: a7 1GE j

Once the free format data file is selected, the Enter Number of Variables screen is activated. Type in 9

and click OK.

Enter Humber of ¥anables E

e [T ]

The file chest.psf is created and displayed with the default variable names Var 1, Var 2, ..., Var 9. Use

the Data, Define Variables option and the Rename button to change these names to Chestl, Chest2 . .
., Chest9. The variable type should be changed to continuous. This is achieved by clicking on any

variable, then select the Variable Type option. Choose continuous and the Apply to All option.
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Dehne Yanables

Chestl
Chest2
Cheszt3
Chestd
Chesth
Cheszth
Chest7
Chesztd

Inzert

Hename

Category Labels

|
|
Vanable Type |
|
|

Mizsing Yalues

Cancel

[[E=T |

To zelect more than one wariable at a
time_hold down the CTRL key while
chcking on the wvanables to be selected

From the Statistics menu, choose Output Options and select Covariances as the Moment Matrix
option. Click on the LISREL system data check box, and then OK to run PRELIS program. In doing so, a

data system file, chest.dsf is created. This file can be read by LISREL using either SIMPLIS or LISREL

syntax.

S - |

Moment Matrix

Data

| Covariances

ﬂ| [ Save the ransformed data to file:

[ Save to file: WILISBEL zystem dats |

| Width of fields: [15 |
Means Humber of decimals: IZI
[ Save to file:
-
The observed variables are Chestl, Chest2, . . ., Chest9 and the latent variables are labeled intcept, time

and timesq.

The SIMPLIS input file japan.spl is shown below.

Non Linear Growth Curve Japanese Grls over 9 years

System File fromfile CHEST. DSF

Latent Variables intcept time tinesq
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Rel at i onshi ps

Chestl = 1*intcept 1*time 1*tinmesq
Chest2 = 1*intcept 2*time 4*tinesq
Chest3 = 1*intcept 3*time 9*tinmesq
Chest4 = 1*intcept 4*time 16*tinmesq
Chest5 = 1*intcept 5*tinme 25*tinesq
Chest6 = l1*intcept 6*tinme 36*tinesq
Chest7 = 1*intcept 7*time 49*tinmesq
Chest8 = 1*intcept 8*tinme 64*tinmesq
Chest9 = 1*intcept 9*tinme 81*tinesq

intcept tine tinmesq = CONST

Equal Error Variances: Chestl - Chest9
Path Di agram

Iterations = 250

Met hod of Estimation: Maxi mum Li kel i hood
End of Problem

The Equal Error Variances: statementis used to constrain the variances of the level-1 residuals to be

equal.

68



The X-model part of the path diagram is shown below. From the fit statistics it is apparent that a
quadratic term does not describe the change in chest measurement values adequately. Furthermore, the

modification indices indicate that the level-1 errors are correlated.

z97. 550 Chestl

297_s5e  [Chest? -oo

. oo

intcept —el15.
297550 Chest3 -oo

-oo

I S = N~ =

—-9L5. &L
_on

1.00

—31F.
1.04 7,63
] 1
1.0d —za.sn/
1

297,550 Chestd

z97. 85 [Chesth

z97.85%  [Chesth -oo

a0 Cimesg J—3.1
97 55 Chest? =00

&4._00

21.00

z97. 550 Chesth

97 . 550 Chestd

Chi-Sguare=162.25, df=44, P—walue=0.00000, BM3EA=0.Z94
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A portion of the mean part of the path diagram is displayed below. The estimated fixed parameters are

shown on this diagram. The issue of correlated level-1 residuals is discussed in Example 3.6.

b

bean Model
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Example 3.6: Correlated level-1 residuals

In the case of longitudinal studies, it may not be possible to fully explain the correlation between
successive values of an outcome variable within a standard hierarchical linear modeling framework. The
reason for this is that it may be too restrictive to assume that the level-1 error terms have constant

variances and are uncorrelated. These assumptions have been used in the results discussed up to now.

1000+
3001
800+

7004

chest

BO0

snnf

400 +—————

tirne

The figure above shows the average trend for the chest measurements (solid line) and the observed

measurements (circles) of one of the Japanese girls.
From the figure, it appears that if a girl has a higher than average chest measurement at the first occasion
of measurement (years, in this case), it is likely that this trend will continue over time. It is also apparent

that the magnitude of these differences may change from year to year.

A suitable model to describe this type of behavior is the so-called Autoregressive-Moving Average
(ARMA) model, fitted to the level-1 residuals.
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Consider the following level-2 model, where C denotes chest circumference and T denotes the time at

which the measurement was taken (T = 1 corresponds to age 6, T = 2 to age 7, etc.):
C; =b, +byT,...+¢;, ] =1,2,...,9

The subscript i denotes girl i , while the subscript j denotes the j-th measurement. In this example,

however, only the first eight chest measurements will be used.

On level-2 of the model the outcome variables are

b = By +Ujg

= Bl'
An ARMA model fitted to the residuals €;,€,,,..., €4 has the following property:

COV(eU, |k) o l/"“ K| J>k

where 02 is the so-called white noise variance. The equation above implies that CD(l) (the covariance

matrix of the residuals) has a Toeplitz structure. A Toeplitz matrix is a matrix in which all the elements on

the main diagonal are equal, all the elements below the main diagonal are equal, etc.

W
*
0y
0
0

= 9
Sooooo

The LISREL multilevel program is based on the assumption that level-1 error terms are uncorrelated,

whereas the error terms at higher levels of the hierarchy are allowed to be correlated.

By using dummy variables, it is possible to obtain a correlated structure for level-1 residuals.
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Consider the following data:

chest intcept time dummyl dummy?2 dummy3
560 1 1 1 0 0
590 1 2 0 1 0
600 1 3 0 0 1

For each time point, a dummy variable is created, where dummy j = 1 if time = j, and 0 otherwise.

For the above data, the chest measurement model is

C =B, + BT, +u, +e,
Ci, =By + BT, +Uuj, +&;,
C

i3 = By + BT, +Uj, +e

which can be rewritten as

[W,,0
c,.0 0 10 01 1 0 5
B0 i

b R 01 g
F.H B T2 HO0 0 0 & %35

or
Ci = X (1B +Xpyl;

Note that this model has no level-1 random part, since the level-1 residuals (via the dummy variables) are
now incorporated into the level-2 random part of the model.

We can now use the COVnPAT statement to impose specific structures on the elements of the

covariance matrix and, optionally, the COVnVAL statement to assign values to the elements of the

covariance matrix.
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The input file chest_ar.pr2 is shown below.

OPTI ONS OLS=YES CONVERGE=0. 001000 MAXI TER=30 OUTPUT=STANDARD ;
TITLE= Correlated errors for chest neasurenents Japanese girls;
SY= CHESTCOR. PSF;

| D2=i dent 2 ;

| D3=i nt cept ;

RESPONSE=chest ;

Fl XED=i nt cept tine;

RANDOMB=i nt cept ;

RANDOVR=i nt cept  dunmyl: dunmy8;

COV2PAT =1
0 3
0 5 3
0 8 5 3
012 8 5 3
01712 8 5 3
0231712 8 5 3
0 30 2317 12 8 5 3
0 38 30 23 17 12 8 5 3;

Remarks:

e The values in the first column of the COV2PAT matrix are set to zero from rows 2 to 9. This specifies
that the covariances between the level-2 intercept and the dummy variables are fixed at the default
value of zero, implying that the level-2 and level-1 residuals are uncorrelated.

e The notation dummyl:dummy8 is used to represent dummy1, dummy2, ..., dummys8.

e« The LISREL multilevel program requires at least two consecutive levels of IDn and RANDOMnN
statements. At present, all the random components are included in the level-2 part of the model. To
exclude the random-3 part, set ID3 = intcept. Since all values of the variable intcept are equal to 1,
there is only one level-3 unit. In this case, the program fixes the random-3 coefficient for the intercept
term to a value of zero. Hence the statement RANDOM3 = intcept has no further effect in the
estimation procedure.

e The count sequence of the COV2PAT matrix is row-wise. The value of three on the main diagonal

instructs the program to constrain all the variances to be equal to the variance of €. Similarly, the

value of five below the main diagonal is used to constrain all the covariances between €; and €,

which are one time unit apart, to be equal.
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The program converged in 24 iterations. Partial output for iteration 24 is given below.

(i) Fixed part of the model

Correl ated errors for chest neasurenents Japanese girls

| TERATI ON NUMBER 24

e e +
| FI XED PART OF MODEL |
oo +
CCEFFI Cl ENTS BETA- HAT STD. ERR Z- VALUE PR > | Z
i nt cept 521. 60063 8. 55373 60. 97933 0. 00000
tinme 29. 34382 1.18088 24.84913 0. 00000
(i-2InL
e e +
-2 LOG LI KELI HOOD |
oo +
-2 LOG LI KELI HOOD = 2369. 47734530539

(i) Random part of the model

LEVEL 2 CORRELATI ON MATRI X

i ntcept dunmyl dunmmy2 dunmy3 dunmmy4 dunmy5

i ntcept 1. 0000

dunmyl 0. 0000 1. 0000

dunmy2 0. 0000 0.7484 1. 0000

dummy3 0. 0000 0.6181 0. 7484 1. 0000

dummy4 0. 0000 0. 4704 0.6181 0. 7484 1. 0000

dunmy5 0. 0000 0. 3167 0.4704 0.6181 0.7484 1. 0000
dunmy6 0. 0000 0.2711 0. 3167 0.4704 0.6181 0.7484
dumy?7 0. 0000 0. 2556 0.2711 0. 3167 0. 4704 0.6181
dunmy8 0. 0000 0. 0000 0. 2556 0.2711 0. 3167 0.4704
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dunmy6 dunmy?7 dunmy8

dunmy6 1. 0000
dumy7 0. 7484 1. 0000
dummy8 0.6181 0. 7484 1. 0000

It is left to the reader as an exercise to show that -2 In L for the uncorrelated level-1 residual model is
2464.065. In this case, the estimated intercept and slope values are 519.25 and 29.67 respectively, while

the estimated level-2 and level-1 variances are 1606.35 and 601.170 respectively.

For the correlated errors model, -2 In L equals 2369.477 and the number of estimated parameters is 11.
The chi-square statistic for testing the null hypothesis that the level-1 residuals are uncorrelated is
2464.065-2369.477 = 94.588, with degrees of freedom equal to 11 - 4 = 7. Since the chi-square value is
highly significant, the null hypothesis is rejected in favor of the hypothesis that the residuals are

correlated.
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